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by-parts (SBP) property within a tensor-product framework. The dissipation
operators can be applied to any finite-difference or spectral-element scheme
that uses the SBP framework, including high-order entropy-stable schemes.
Additionally, we clarify the incorporation of a variable coefficient within the
operator structure and analyze the impact of a boundary correction matrix on
operator structure and accuracy. Following the theoretical development and
construction of novel dissipation operators, we relate the presented volume
dissipation to the use of upwind SBP operators. When applied to spectral-
element methods, the presented approach yields unique dissipation operators
that can also be derived through alternative approaches involving orthogonal
polynomials. Numerical examples featuring the linear convection, Burgers, and
Euler equations verify the properties of the constructed dissipation operators
and assess their performance compared to existing upwind SBP schemes, in-
cluding linear stability behaviour. When applied to entropy-stable schemes,
the presented approach results in accurate and robust methods that can solve
a broader range of problems where comparable existing methods fail.
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1 Introduction

State-of-the-art simulation methods in science and engineering are often con-
strained by scale and computational cost. High-order discretizations offer the
potential to increase computational efficiency; however, their widespread adop-
tion for nonlinear partial differential equations (PDEs) is limited in part due
to stability concerns, especially in the presence of under-resolved scales or
discontinuities that can lead to numerical instabilities [28, 67]. Stabilization
techniques such as artificial dissipation are commonly employed to ensure ro-
bustness [53], but the resulting schemes often lack rigorous stability proofs and
require problem-specific tuning.

Summation-by-parts (SBP) operators, often combined with simultaneous
approximation terms (SATs), provide a framework for constructing provably
stable high-order discretizations. Further benefits of the SBP-SAT frame-
work include discrete conservation, C0 mesh continuity requirements between
blocks, compatibility with adaptive mesh refinement, and suitability for par-
allelization [20, 63]. Initially developed for finite-difference (FD) schemes [42,
61], the SBP framework can also be applied to finite-volume [12, 49, 50] and
spectral-element (SE) methods, including continuous Galerkin [2,3,36,37], dis-
continuous Galerkin [8, 9, 28], and flux reconstruction [48, 57]. Classical SBP
(CSBP) operators are FD operators characterized by uniform nodal distribu-
tions that include boundary nodes. More broadly, however, FD SBP operators
allow for a fixed number of non-equispaced nodes near boundaries, includ-
ing hybrid Gauss-trapezoidal-Lobatto (HGTL) operators [21] and the optimal
diagonal-norm ‘accurate’ operators of Mattsson et al. [45, 46] (henceforth re-
ferred to as Mattsson operators). FD SBP operators are also not required
to include boundary nodes, such as hybrid Gauss-trapezoidal (HGT) opera-
tors [21]. SE SBP operators are characterized by a fixed number of degrees
of freedom per element, with mesh refinement performed by increasing the
number of elements. Examples include Legendre-Gauss-Lobatto (LGL) and
Legendre-Gauss (LG) operators [19]. A recent comparison in [7] showed that
Mattsson operators are often the most efficient in minimizing solution error
when applied using either FD or SE refinement strategies.

Provably entropy-stable schemes were first proposed in [65, 66] to allevi-
ate the stability issues associated with high-order methods for nonlinear prob-
lems. Subsequently, the SBP framework enabled the construction of high-order
entropy-stable schemes on finite domains [26], which have since shown promise
across various physical problems [13]. Although volume dissipation is not re-
quired for provable stability within the context of these schemes, the damping
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of unresolved high-frequency modes it provides can nevertheless improve ac-
curacy, accelerate convergence to steady state, and help preserve positivity
of thermodynamic variables [53]. Moreover, central ‘energy-stable’ schemes—
such as in [38]—that lack provable stability for nonlinear problems remain
widely used, and for these schemes, volume dissipation can be essential for
stabilization when these schemes are applied to nonlinear problems.

Concerns have also been raised regarding the local linear stability of entropy-
stable schemes, wherein unphysical perturbation growth can lead to positivity
violations of thermodynamic variables in the absence of positivity-preserving
mechanisms [29], potentially impacting the convergence of such schemes [62].
Nonlinear stability refers to an integral bound on the energy or entropy of the
system, such as those found in entropy-stability proofs. Local linear stability,
however, refers to whether the linearized discretization shares the same stabil-
ity properties as the linearized continuous PDE [29]. For the Burgers equation
with a solution that does not change sign, local linear stability can be charac-
terized by eigenvalues of the semi-discrete Jacobian having non-positive real
parts. For linear problems and discretizations, these two stability concepts
coincide. For nonlinear problems, however, they are distinct, and many non-
linearly stable schemes demonstrate weaker local linear stability properties
than nonlinearly unstable central schemes [29]. It is not yet understood to
what degree adding volume dissipation can mitigate this issue.

Although many methods exist for removing under-resolved high-frequency
modes, implementing a volume dissipation model has proven to be a simple and
effective strategy for SBP discretizations [35,41,47]. Similarly, upwind opera-
tors introduce volume dissipation through flux splitting [43,60], and have been
applied to SBP discretizations [30,44,56]. Recently in [24], volume dissipation
inspired by the upwind operators of [44] was applied to the skew-symmetric
form of the Euler equations of [51], resulting in a scheme less likely to crash
due to positivity issues than typical flux splitting or entropy-conserving meth-
ods. An entropy-stable volume dissipation model was also proposed in [55],
where the dissipation operator is diagonalizable with respect to a Legendre
polynomial basis, enabling its use as a filter in SE schemes.

This paper has two objectives. The first objective is to develop high-order
volume dissipation that is dimensionally consistent, can maintain design order,
and preserve nonlinear stability when combined with existing entropy-stable
SBP schemes. This work extends the approach of Mattsson et al. [47] for con-
structing volume dissipation for CSBP operators to generalized FD diagonal-
norm SBP operators, including nonuniform nodal distributions, no repeating
interior operator, and potential absence of boundary nodes. We adapt the dis-
sipation structure from [47] to allow for the inclusion of a variable coefficient
and to ensure dimensional consistency, as well as introduce an optional modi-
fication for use with entropy-stable schemes. The approach presented applies
to both FD and SE SBP methods. The second objective is to reassess the role
of volume dissipation in the context of provably stable schemes, motivated by
the possibility that dissipation may remain beneficial even when not required
for stabilization.
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The framework is first introduced in §2.1, then extended to systems of
conservation laws in §2.2. Novel artificial dissipation operators are constructed
in §2.3, where all coefficients are provided in the supplementary material. We
end the section with proofs of stability, conservation, and accuracy in §2.4.
In §3, practical implementation details are addressed. First, the inclusion of
a boundary correction matrix is discussed in §3.1, followed by a discussion
on defining the variable coefficient at half-nodes in §3.2. The extension to
multiple dimensions is clarified in §3.3. In §4, we address recent approaches
for incorporating volume dissipation through the use of upwind operators.
We first examine connections to upwind schemes in §4.1, then in §4.2 show
that SE dissipation operators are unique. Finally, in §5, numerical experiments
are used to verify the stability, conservation, and accuracy properties of the
constructed dissipation operators.

2 Volume Dissipation for Summation-by-Parts Schemes

2.1 Scalar Conservation Laws

To motivate the structure of the volume dissipation operators used in this
work, consider the linear convection equation in one spatial dimension. Taking
inspiration from [47], suppose we include an additional continuous operator on
the right-hand side as follows,

∂U
∂t

+ a(x)
∂U
∂x

= ε(−1)s+1∆x2s−1 ∂s

∂xs

(
|a(x)| ∂

sU
∂xs

)
, (1)

where U(x, t) is the solution, a(x) is a (possibly spatially varying) wave speed,
and appropriate initial and boundary conditions are assumed. In the right-
hand-side operator, s ∈ Z>0 and ε ∈ R≥0 are parameters, while the coeffi-
cient a(x) and characteristic spacing ∆x ensure dimensional consistency.

Assuming stability of the unmodified equation (i.e. ε = 0), by linearity it
is sufficient to examine only the right-hand-side operator. Using the energy
method, multiplying (1) by U and integrating over the domain Ω gives∫

Ω

U ∂U
∂t

dx = ε(−1)s+1∆x2s−1

∫
Ω

U ∂s

∂xs

(
|a(x)| ∂

sU
∂xs

)
dx. (2)

Using Leibniz’s rule, the definition of an L2 norm, and expanding the right-
hand side of (2) using integration-by-parts gives

1

2

d ∥U∥2
dt

= ε∆x2s−1

[
s∑

i=1

(−1)s+i

(
∂i−1U
∂xi−1

)(
∂s−i

∂xs−i

(
|a(x)| ∂

sU
∂xs

))] ∣∣∣∣∣
∂Ω︸ ︷︷ ︸

Term A

− ε∆x2s−1

∫
Ω

|a(x)|
(
∂sU
∂xs

)2

dx︸ ︷︷ ︸
Term B

, (3)
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where ∂Ω denotes the surface of Ω. While the sign of Term A in (3) is not
known in general, Term B is always negative. Term B is dissipative because it
acts to decrease the time derivative of the energy norm. Therefore, we choose
to design discrete artificial volume dissipation operators that mimic Term B
when evaluated using the energy method.

Suppose now that (1) is discretized using a typical SBP scheme (e.g., [20]).
For simplicity, here and throughout the remainder of this paper, we assume
homogeneous boundary conditions, since stability of the homogeneous problem
implies stability of the inhomogeneous problem [64]. Consider

du

dt
= Pu+ ADu, (4)

where Pu denotes an energy-stable and conservative SBP semi-discretization of
the unmodified equation (i.e. ε = 0) that implicitly enforces the homogeneous
boundary conditions, and AD is an artificial volume dissipation operator. We
refer to [14] for a general discussion on the inclusion of artificial dissipation
through both interface and volume dissipation. Here, we focus on the volume
dissipation operator AD. A semi-discrete approximation of Term B in (3) that
preserves the order of accuracy of the scheme can be constructed as

−ε∆x2s−1(Dsu)THA(Dsu) ≈ −ε∆x2s−1

∫
Ω

|a(x)|
(
∂sU
∂xs

)2

dx, (5)

where ∆x is the spatial mesh size, A = diag(|a(x1)| , |a(x2)| , . . . , |a(xn)|) is
the projection of the variable coefficient onto the diagonal, and

Ds = DD . . .D︸ ︷︷ ︸
s terms

, (6)

where D is an SBP operator approximating the first derivative. The dissipation
operator that results in (5) following a semi-discrete energy analysis is

AD = −ε∆x2s−1H−1(Ds)THADs. (7)

Using the SBP property, DT = (E− Q)H−T, and the symmetry of H, we find

AD = ε (−1)
s+1

∆x2s−1DsADs

−
s∑

i=1

ε (−1)
s+i

∆x2s−1H−1
(
Di−1

)T
EDs−iADs,

(8)

which demonstrates that the artificial dissipation is constructed to mimic (1)
while removing the unwanted surface contributions of Term A in (3).

More generally, a volume dissipation operator can be expressed as

AD = −εH−1D̃T
s CD̃s , D̃s ≈ ∆xs ds

dxs
(9)

where C is a symmetric positive semi-definite matrix, and ·̃ indicates an undi-
vided operator, allowing us to remove the explicit dependence on ∆x in (7).
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Choosing D̃s = ∆xsDs and C = H̃A recovers (7), where H̃ = H/∆x is the
undivided norm. However, this leads to dissipation operators whose interior
stencils are wider than necessary for a given order of interior stencil accuracy,
which unnecessarily increases computational cost through additional floating-
point operations [15]. In this work, we set D̃s to be a difference operator of
minimum width. The D̃s matrices are constructed in §2.3 for various nodal
distributions, and different possible choices of C are discussed in §3.2 and §3.1.

2.2 Extension to Nonlinear Systems of Conservation Laws

Consider a system of n equations in one spatial dimension,

∂U(x, t)

∂t
+

∂F(x, t)

∂x
= 0 , ∀ (x, t) ∈ Ω × R≥0 (10)

where U ,F ∈ Rn. Many systems of conservation laws are also endowed with
a convex entropy S ∈ R such that transformation to the entropy variables
W = ∂S/∂U symmetrizes the conservation law (10) [27, 33, 66]. For the 1D
Euler equations,

U =


ρ

ρv

e

 , F =


ρv

ρv2 + p

v(e+ p)

 , S = − ρs

γ − 1
, W =


γ−s
γ−1 − 1

2
ρv2

p
ρv
p

−ρ
p

 , (11)

where s = ln
(

p
ργ

)
is the physical entropy [39], and the equation of state

p = (γ− 1)
(
e− 1

2ρv
2
)
fully specifies the system. Only two modifications need

to be made to extend (9) to nonlinear systems. The first is to replace D̃s and
H with D̃s ⊗ In and H ⊗ In, respectively, where In is the identity matrix of
size n, and ⊗ is a Kronecker product. The second modification is to replace
the variable coefficient matrix A in (5) with a block-diagonal matrix that is
dimensionally consistent with the flux Jacobian and constructed in the spirit
of characteristic-based dissipation [34]. Depending on whether the dissipation
operator is applied to conservative or entropy variables, and whether a scalar
or matrix dissipation scheme is desired, the definition of A will differ.

In a direct generalization of (5), dissipation applied to the conservative
variables can take the following form after premultiplication by uTH:

−(D̃su)TH̃A(D̃u) ≈ −∆x2s−1

∫
Ω

(
∂sU
∂xs

)T ∣∣∣∣∂F∂U
∣∣∣∣ (∂sU

∂xs

)
dx, (12)

where A = diag (A1, . . . ,AN ) is a block diagonal matrix containing blocks
Aj ∈ Rn×n that are some approximation to the flux Jacobian ∂F/∂U at
node j with eigenvalues replaced by their absolute values. We require Aj to be
symmetric positive semi-definite to ensure that (12) remains negative, preserv-
ing numerical stability. A straightforward way to achieve this is via a scalar
dissipation scheme,

Aj = |λmax| · In (13)
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where λmax is the maximum eigenvalue of the flux Jacobian at node j. A
matrix dissipation scheme can also be considered,

Aj = Xj |Λj |X−1
j (14)

where Xj and Λj are the eigenvector and eigenvalue matrices of the flux Jaco-
bian at node j. However, unless the conservation law is symmetric, the above
matrix dissipation will not be provably stable. An alternative therefore is to
apply dissipation to the entropy variables w. Premultiplying by wTH gives

−(D̃sw)TH̃A(D̃sw) ≈ −∆x2s−1

∫
Ω

(
∂sW
∂xs

)T ∣∣∣∣∂F∂U
∣∣∣∣ ∂U
∂W

(
∂sW
∂xs

)
dx, (15)

where in order to ensure consistent dimensions, Aj must now approximate
the absolute flux Jacobian multiplied by the symmetric and positive-definite
change of variable matrix ∂U/∂W that symmetrizes the system. For example,
a scalar-matrix dissipation scheme can be considered as

Aj = |λmax|
∂uj

∂wj
(16)

and a matrix-matrix dissipation scheme can be considered as

Aj = Xj |Λj |XT
j , XjX

T
j =

∂uj

∂wj
(17)

where the eigenvectors Xj are computed analytically using the scaling theorem
of [5] to ensure the relation on the right of (17). Scalar-scalar dissipation can
be applied using the spectral radius of the change of variable matrix, but we
have found this to be overly dissipative in numerical experiments. Therefore,
scalar-scalar entropy dissipation is not considered is this work.

2.3 Construction Procedure for D̃s Operators

In [47], D̃s operators were constructed for use with classical SBP operators.
We now extend this approach to nonuniform nodal distributions and those
without boundary nodes, allowing the volume dissipation (9) developed in
the previous sections to be used with generalized FD and SE SBP operators.
This is accomplished by introducing unknowns near the boundaries of the D̃s

matrices and solving the following accuracy equations, which ensure that D̃s

approximates an undivided derivative of degree s:

D̃sx̃
i = 0, i ∈ [0, s− 1]

D̃sx̃
s = 1× s!,

(18)

where x̃ = [x̃1, x̃2, . . . , x̃N ]T is the nodal distribution for an undivided reference
domain [0, N − 1] that obeys the natural ordering 0 ≤ x̃1 < x̃2 < · · · < x̃n ≤
N − 1. The general form for each operator is provided in the supplementary
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material, where we adopt the minimum number of unknowns necessary at the
boundaries to solve the accuracy conditions (18), leading to unique solutions.
Operators constructed for nodal distributions associated with HGTL, HGT,
Mattsson, LGL, and LG operators are also provided in the supplementary
material. The resulting FD dissipation operators could be further optimized
by adding more unknowns at the boundaries (e.g. as in [22]), but we defer
this to future work. Since SE operators have a fixed number of N = p + 1
nodes, the dissipation order is restricted to s = p, yielding unique operators
and precluding further optimization, as discussed in §4.2.

This approach yields volume dissipation operators AD that are naturally of
minimum-width. Alternatively, in [15] minimum-width dissipation operators
were constructed by adding correction terms to the wide-stencil dissipation (7).
In the supplementary material we show that the two approaches are largely
equivalent.

2.4 Stability, Conservation, and Accuracy Proofs of Volume Dissipation

In this section we discuss the stability, conservation, and accuracy properties
of SBP schemes augmented with the volume dissipation (9). We assume that
the underlying semi-discrete system of equations is stable and conservative so
that it is sufficient to examine only the properties of the dissipation model [20].
Such proofs for the underlying system can be found for example in [13,17,20].

Theorem 1 Augmenting a conservative semi-discretization (4) with the arti-
ficial dissipation operator (9) results in a conservative semi-discrete scheme.

Proof Substituting (9) into (4), ignoring Pu, and multiplying both sides by
1TH gives

1TH
du

dt
= −ε

(
D̃s1

)T

C
(
D̃su

)
= 0 since D̃s1 = 0. ⊓⊔

The following theorems consider two distinct notions of stability: energy
and entropy stability. If the underlying scheme (with ε = 0) is energy-stable,
then applying volume dissipation to the conservative variables preserves energy
stability. Conversely, if the scheme is entropy-stable, then applying the volume
dissipation to the entropy variables preserves entropy stability.

Theorem 2 Augmenting an energy-stable semi-discretization (4) with the ar-
tificial dissipation operator (9) acting on conservative variables u results in an
energy-stable semi-discrete scheme for a positive semi-definite C.

Proof Substituting (9) into (4), ignoring Pu, and multiplying both sides by
uTH gives

1

2

d ∥u∥2H
dt

= uTH
du

dt
= −ε

(
D̃su

)T

C
(
D̃su

)
≤ 0

since ε ≥ 0 and C is positive semi-definite. ⊓⊔
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Theorem 3 Augmenting an entropy-stable semi-discretization,

du

dt
= Pu+ ADw, (19)

with the artificial dissipation operator (9) acting on entropy variables w results
in an entropy-stable semi-discrete scheme for a positive semi-definite C.

Proof Substituting (9) into (4), where we now have ADw instead of ADu,
ignoring Pu, and multiplying both sides by wTH gives

1TH
ds

dt
= wTH

du

dt
= −ε

(
D̃sw

)T

C
(
D̃sw

)
≤ 0. ⊓⊔

We now seek to formalize the convergence rates of FD SBP schemes aug-
mented with volume dissipation by using the theory developed in [64], for
which it necessary to introduce the following concepts. Discussion regarding SE
schemes is deferred to §4.1. Consider a semi-discrete operator P approximating
a continuous differential operator P. A nullmode w of P is an eigenvector cor-
responding to the nullspace of P, i.e. Pw = 0. We say P is nullspace consistent
if it has the same nullspace as P, i.e. w are restrictions of the nullmodes W
of P (including boundary conditions). An SBP scheme with quadrature H is
nullspace invariant if at any given time, the nullmodes w and the numerical
solution u satisfy wTHPu = 0. We refer to [64] for details.

Theorem 4 (4.6 of [64]) Consider a linear, constant-coefficient, scalar PDE
with highest spatial derivative of order m. Let P be the linear semi-discrete
operator approximating the initial-boundary value problem (IBVP). If r is the
order of the boundary truncation error, q the order of the internal truncation
error with q > r, and

– the IBVP is energy well-posed, with smooth and compatible data such that
the exact solution is smooth.

– all nullmodes of the IBVP are polynomials.
– the scheme is nullspace consisent and nullspace invariant.
– the discrete inner product is a qth-order quadrature rule.

then the convergence rate of the solution error is r +m if the nullspace of P
is trivial, and min (q, r +m) if the nullspace of P is non-trivial.

We refer the reader to [64] for definitions of terms used in the above theo-
rem, as well as detailed discussions of the necessary assumptions. As explained
in [64], most SBP schemes satisfy the above conditions. It will be necessary,
however, to add the following assumption to those included in Theorem 4.

Assumption 1 Consider a linear SBP semi-discretization operator P with
only polynomial nullmodes, augmented as in (4) with a dissipation model AD.
The nullspace of P+ AD is the same as the nullspace of P.
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It is straightforward to prove that null (P) ⊆ null (P+ AD), since by construc-
tion, any polynomial nullmodes of P will also be in the nullspace of AD (see
§2.3). However, showing that AD does not introduce any new nullmodes to
the discretization, i.e., null (P+ AD) ⊆ null (P), is difficult to prove in general.
Nevertheless, we have manually checked that Assumption 1 holds for all lin-
ear SBP discretizations presented in this work. It is now possible to state the
following theorem, which has the practical implication that choosing dissipa-
tion operators with s = p + 1 results in solution error convergence rates of
p+ 1. Error estimates for upwind SBP schemes in [40] suggest that a sharper
convergence rate of p+ 1.5 may also be provable.

Theorem 5 Consider a linear, constant-coefficient, scalar SBP semi-
discretization (4). Assume the SBP semi-discretization P satisfies the assump-
tions of Theorem 4 with r = p and q = 2p, Assumption 1, and the dissipation
model AD is constructed using (9) with s ≥ p+1. Then the convergence rate of
the solution error is p+m if the nullspace of P is trivial, and min (2p, p+m)
if the nullspace of P is non-trivial.

Proof Nullspace consistency follows immediately from Assumption 1 and the
assumption that P is nullspace consistent. Nullspace invariance is also en-
sured by the symmetry of the dissipation operator with respect to the discrete
norm H. Since the scheme is linear, nullspace invariance of the dissipation oper-
ator AD is sufficient to ensure nullspace invariance of the overall discretization.

It remains to be shown that the boundary and internal truncation errors
of the resulting scheme are also r = p and q = 2p, respectively. Once again by
linearity, it suffices to show this is true for AD alone. Since D̃s ≈ ∆xsds/dxs

contains a repeating interior stencil, which has the general property[
D̃T

s

]
i,i+j

=
[
D̃s

]
i+j,i

=
[
D̃s

]
i,i−j

,

the interior of D̃T approximates (−1)s+1∆xsds/dxs. Considering the contri-
bution of H−1, the interior of AD therefore approximates ∆x2s−1d2s/dx2s mul-
tiplied by some constant. A Taylor expansion of AD will therefore result in a
leading-order term of order 2s− 1 = 2p+ 1 > q. Considering the boundaries,
since AD annihilates polynomials up to degree s − 1 by construction, a Tay-
lor expansion of AD must contain only derivatives of degree ≥ s. Dimensional
consistency of (9) again ensures that Taylor expansions at the boundary of
AD contain leading-order terms of order at least s − 1 = p = r. Therefore, to
leading order, the Taylor expansions of (4) remain unaffected. The expected
convergence rates then follow immediately from Theorem 4. ⊓⊔

3 Implementation Details

In the previous section, we introduced volume dissipation in the form (9) with
an unspecified positive semi-definite matrix C. A natural choice, motivated
by §2.1, is C = H̃A, where H̃ is an undivided norm, and A represents the
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variable coefficient. In the following sections, we will instead justify the choice
C = BA, where B is a diagonal boundary correction matrix consisting of a
fixed number of zeros at the boundaries, and ones in the interior. For scalar
problems, C is positive semi-definite if both B and A are diagonal and non-
negative. For systems of equations, A is assumed to be a symmetric positive
semi-definite block-diagonal matrix. Using the same B (and H̃, if it is included)
for each equation ensures that C is also positive semi-definite.

As will be explained in §4.2, all possible choices of C are equivalent up to
a multiplicative constant for SE operators. Therefore, we exclusively consider
FD operators in the following sections §3.1 and §3.2.

3.1 Effect of the Boundary Correction Matrix B

To understand the effect of including a boundary correction matrix B, we will
illustrate via example for the linear convection equation with a = 1. Consider
the third-order accurate dissipation operator from [47], given by

AD,2 = −H−1D̃T
2 BD̃2, (20)

where

D̃2 =


−1 2 −1

−1 2 −1

−1 2 −1

. . .
. . .

. . .

 and B = diag(0, 1, . . . , 1, 0).

Note that in [47], this operator is referred to as fourth-order accurate since
an undivided H̃−1 is used, whereas in this work a dimensional H−1 is used
to ensure that the dissipation operator has dimensions that are consistent
with the overall discretization. Applying the dissipation operator AD,2 to the
solution vector u leads to the following Taylor series expansion at each node:

AD,2u =
1

∆x


−2 4 −2

2 −5 4 −1

−1 4 −6 4 −1

. . .
. . .

. . .
. . .

. . .

u =



−2∆x
(

∂2u
∂x2

)
1
− 2∆x2

(
∂3u
∂x3

)
1
+O(∆x3)

∆x
(

∂2u
∂x2

)
2
−∆x2

(
∂3u
∂x3

)
2
+O(∆x3)

−∆x3
(

∂4u
∂x4

)
3
− ∆x5

6

(
∂6u
∂x6

)
3
+O(∆x7)

...


.

(21)
The first two rows have first-order leading terms, while the interior rows have
third-order leading terms. Instead choosing B as the identity matrix leads to
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the following expansion:

AD,2u =
1

∆x



−4 8 −4

4 −9 6 −1

−2 6 −7 4 −1

−1 4 −6 4 −1

. . .
. . .

. . .
. . .

. . .


u =



−4∆x
(

∂2u
∂x2

)
1
− 4∆x2

(
∂3u
∂x3

)
1
+O(∆x3)

3∆x
(

∂2u
∂x2

)
2
−∆x2

(
∂3u
∂x3

)
2
+O(∆x3)

−∆x
(

∂2u
∂x2

)
3
+∆x2

(
∂3u
∂x3

)
3
+O(∆x3)

−∆x3
(

∂4u
∂x4

)
4
− ∆x5

6

(
∂6u
∂x6

)
4
+O(∆x7)

...


.

(22)
In contrast to (21), the first three rows now have first-order leading terms.
Moreover, the coefficients are larger near the boundary. Therefore, introducing
zeros at the boundaries of B reduces the amount of dissipation applied near
the block boundaries by reducing both the number of low-order terms, as well
as their coefficients. In §5.1 this is shown to have a beneficial effect on the
spectral radii of the semi-discretization.

It is also worthwhile to mention the impact of including an undivided
norm via C = H̃BA. For FD operators, the interior of AD is unaffected by
the inclusion of H̃ since H̃ii = 1 there. At the boundaries, however, the above
discussion indicates that the dissipation may be either proportionally increased
or decreased, depending on the value of H̃ (assuming B ̸= 0 there). To prevent
the dissipation from being increased at boundary nodes, we argue that it is
likely preferable to omit H̃ via C = BA. This statement will be supported by
numerical results in §5.1.

Remark 1 Although §4.2 demonstrates that including B has no effect on the
SE operators used in this work (with s = p), similar boundary corrections were
included in the alternative SE dissipation operators of [55,68]. In a continuous
framework, these corrections ensure that terms arising from integration by
parts vanish at the boundaries so that no viscous coupling terms (which are
often included in artificial-viscosity approaches [4,52,70,71]) are required [55].
This may provide additional intuition for the role of B.

3.2 Options for Volume Dissipation with a Variable Coefficient

In the following, we assume a scalar variable coefficient a(x). However, the
same concepts can be directly extended to systems of conservation laws by
generalizing a(x) to flux Jacobian matrices as discussed in §2.2.

Consider the volume dissipation model (9) with C = BA. The simplest
choice for the variable coefficient matrix A is

A = diag (a1, . . . , aN ) , (23)

where aj = |a(xj)|, j = 1, . . . , N are the absolute-valued variable coefficients
at the nodes, ensuring only positive contributions to the dissipation. For odd s,
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since the minimum-width FD stencils for odd derivatives are inherently asym-
metric, it may be preferable to define the variable coefficient at the half-nodes
aj−1/2 between aj−1 and aj ,

A = diag

(
0,

a1 + a2
2

, . . . ,
aN−1 + aN

2

)
. (24)

This ensures that the nodal variable coefficients appear consistently when re-
flected about the anti-diagonal of the dissipation operator, such that dissi-
pation remains directionally unbiased. The initial value of 0 arises from the
inability to define a half-node at a1/2. Note that we have adopted the con-
vention of using backwards-biased stencils, although an equivalent problem
appears using forward-biased stencils.

To illustrate this concept via example, consider the constant-coefficient
first-order accurate dissipation operator from [47], where

D̃1 =



−1 1

−1 1

. . .
. . .

−1 1

−1 1


and B = diag(0, 1, . . . , 1). (25)

Defining the variable coefficient directly at the nodes as in (23) results in the
following directionally-biased dissipation operator

AD,1 = −H−1D̃T
1 BAD̃1 =

1

∆x



−2a2 2a2

a2 − (a2 + a3) a3
. . .

. . .
. . .

aN−1 − (aN−1 + aN ) aN

2aN −2aN


.

(26)

Note the absence of the coefficient a1. Alternatively, defining the variable co-
efficient at the half-nodes as in (24) results in the following unbiased operator,

AD,1 = −H−1D̃T
1 BAD̃1

=
1

∆x



− (a1 + a2) a1 + a2
a1

2 + a2

2 −
(
a1

2 + a2 +
a3

2

)
a2

2 + a3

2

. . .
. . .

. . .
aN−2

2 + aN−1

2 −
(aN−2

2 + aN−1 +
aN

2

) aN−1

2 + aN

2

aN−1 + aN − (aN−1 + aN )


.

(27)

Therefore, for the remainder of this work, whenever s is odd we define the
variable coefficients at half-nodes as in (24). If including the undivided norm
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H̃ in the dissipation operator, i.e., C = H̃BA, it may also be desirable to define
the entries of H̃ at half-nodes for odd s to ensure symmetry about the anti-
diagonal. For simplicity, we defer investigation of the impact of defining H̃ at
half-nodes to further work, and instead choose to exclude the norm matrix
through the choice C = BA.

Another option to construct unbiased dissipation operators while avoiding
the definition of the variable coefficient at half-nodes is to adopt the correction
procedure of [15]. However, this perspective is largely equivalent to the current
approach, and is therefore only discussed in the supplementary material.

3.3 Extension to Multiple Dimensions

The dissipation operators presented thus far can be extended to multiple di-
mensions using a tensor-product formulation, as presented in [18]. Consider
a system of n equations in two spatial dimensions with computational coor-
dinates (ξ, η) and a curvilinear transformation to physical coordinates (x, y),
characterized by metric terms and a metric Jacobian J . By defining

D̃s,ξ = D̃
(1D)
s,ξ ⊗ Iη ⊗ In, Bξ = B

(1D)
ξ ⊗ Iη ⊗ In,

Hη = Iξ ⊗ H(1D)
η ⊗ In, H = H

(1D)
ξ ⊗ H(1D)

η ⊗ In,

dissipation in the ξ direction can be applied using

AD,ξ = − diag
(
J−1

)
H−1D̃T

s,ξHηBξAξD̃s,ξ, (28)

where Aξ is the flux Jacobian in the ξ direction that implicitly includes metric
terms, ensuring proper scaling of ∆x and ∆y. The above form generalizes
the choice that excludes H̃, i.e., C = BA. Regardless, note the presence of
the divided Hη, which is necessary to ensure proper scaling in terms of ∆η
(unless the computational space is defined such that ∆η = 1, in which case
Hη = H̃η). As discussed in §3.2, for odd s we choose to define Aξ at the half-
nodes. The proofs of stability and conservation in §2.4 follow immediately by
recognizing that integration is performed by left-multiplying by uTHJ and
1THJ as opposed to uTH and 1TH.

Free-stream preservation (alternatively referred to as satisfaction of metric
identities) is an important property of a numerical method when generalizing
to curvilinear coordinates [53]. This can be verified by considering a constant

solution U = 1 and flux F = 1. By construction, D̃
(1D)
s 1 = 0, and therefore

AD1 = 0 always. As a consequence, as long as the underlying scheme is free-
stream preserving, the scheme augmented with volume dissipation in the form
given above will also be free-stream preserving.
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4 Connection to Upwinding and Existing Spectral-Element
Dissipation

4.1 Relationship between Volume Dissipation and Upwind SBP Operators

Rather than adding a volume dissipation operator, it is possible to include
volume dissipation by employing difference operators with upwind and down-
wind stencils. This was first applied to SBP schemes in [47], followed by the
construction of novel upwind finite-difference (UFD) SBP operators in [44]
with minimized spectral radii. Upwind spectral-element (USE) SBP operators
were subsequently constructed in [30]. Following [56] for general nonlinear hy-
perbolic conservation laws, a flux-vector splitting of the flux f = F(u) with

f = f+ + f−

can be performed so that the upwind semi-discretization

du

dt
+ D+f

− + D−f
+ = SAT (29)

introduces the desired volume dissipation, where f± and D± are as defined

in [56] and the Kronecker product D± = D
(1D)
± ⊗ In is implicit for systems of

n equations. To make the connection to the current volume dissipation clear,
flux-vector splittings can be rewritten in the form

f+ =
1

2
(f + fD) , f− =

1

2
(f − fD) , fD = f+ − f−,

where fD is the dissipative portion resulting from the flux-vector splitting.
Using properties described in [44], we can also rewrite upwind operators as

D =
1

2
(D+ + D−) , εH−1S = −1

2
(D+ − D−) ,

where D is a central-difference SBP operator with norm matrix H, and S is
symmetric and positive semi-definite. Although it is typically implicit in S,
we include a constant ε ∈ R≥0 in the above to emphasize that the dissipative
portion can be modified by a constant depending on the construction of D±,
such as in [30]. Notably, D will not coincide with the more typically-used
narrow stencil SBP operators (e.g. those found in [20]). Instead, D will often
have wider, more accurate stencils in the interior [44]. A comparison between
the operators can be found in Table 1, which relates the orders of accuracy
and expected error convergence rate (typically one greater than the order of
accuracy at the boundary [31]) to the upwind degree pu as defined in [44].

We can now rewrite the upwind flux-vector splitting scheme (29) as

du

dt
+ Df = SAT− εH−1SfD, (30)

which is in the form of a central discretization plus a dissipation model. For
linear symmetric constant-coefficient problems, where we can write fD = Au
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Table 1: A comparison of the central D and dissipation AD operators resulting
from the use of upwind schemes in the form (30) and central SBP schemes (4)
augmented with dissipation (9) described in this work. Orders of accuracy (e.g.
resulting from a Taylor expansion) are reported both in the interior and at
block boundaries along with the expected error convergence rate. The limiting
orders of accuracy for the discretizations are highlighted in red. pu refers to
the degree of the upwind operator as defined in [44].

Operator D Int. D Bdy. AD Int. AD Bdy. Convergence

UFD even pu = 2p 2p p 2p+ 1 p ≥ p+ 1.5 [40]

UFD odd pu = 2p+ 1 2p+ 2 p 2p+ 1 p ≥ p+ 1.5 [40]

FD s = p 2p p 2p− 1 p− 1 ≥ p

FD s = p+ 1 2p p 2p+ 1 p ≥ p+ 1
*SE s = p p p p− 1 p− 1 ≥ p

* Alternatively could be labeled as ‘USE pu = p−1’ by the equivalence shown in §4.2.

for some block-diagonal matrix A with constant and symmetric positive semi-
definite blocks An ≥ 0, the equivalence with (4) is immediately clear by defin-
ing AD = −εH−1SA. Stability also follows immediately since

SA = (SA)T = S(1D) ⊗ An ≥ 0. (31)

As noted in [44], for constant-coefficient linear problems on Cartesian grids,
the upwind discretization (29) or (30) is equivalent to the volume dissipation
introduced in §2.1. For more general cases, however, we will now describe the
differences between (29) and the dissipation presented in this work.

One notable disadvantage of the flux-vector splitting approach is applica-
tion to curvilinear coordinates. Because the variable coefficient is effectively
applied outside the dissipation operator by acting on the contravariant flux
fD, the curvilinear grid mapping must be restricted to a sufficiently low de-
gree polynomial in order to satisfy free-stream preservation [56]. For practical
simulations, this can limit the performance of a high-order method [16,18]. By
contrast, as explained in §3.3, the dissipation operators presented in this work
exactly preserve free-stream by construction, allowing for more straightforward
application to high-order polynomial or even nonpolynomial grids.

In [56] and [30], it was argued that upwind SBP discretizations possess de-
sirable local linear stability properties. Periodic upwind SBP semi-discretizations
of scalar conservation laws were shown to have Jacobians with non-positive real
parts when the baseflow has everywhere positive (or negative) wave speeds,
i.e., when F ′(u) > 0 [56]. To the knowledge of the authors, such a proof
is not possible for central SBP semi-discretizations augmented with dissipa-
tion (9). Although nonlinear stability follows immediately from the positive
semi-definiteness of AD, linearizations of AD no longer have this property due to
the presence of the nonlinear variable coefficient inside the operator. Regard-
less, numerical experiments in §5.2 show that the volume dissipation presented
in this work is locally linearly stabilizing. Furthermore, results in §5.3 suggest
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that entropy-stable schemes with volume dissipation are in fact more locally
linearly stable than upwind SBP discretizations when considering more general
problems. A further advantage of applying the dissipation (9), is that one can
retain nonlinear stability properties of an underlying scheme while adjusting
the value of the coefficient ε to achieve local linear stability, if this is desired.
This is demonstrated through numerical examples in §5.3.

Perhaps most importantly, upwind semi-discretizations (29) are not prov-
ably stable for nonlinear problems. The presence of a nonlinear fD outside of
S makes it difficult to reproduce the proofs in §2.4 in general. For example,

consider the Burgers equation with the splitting f± = 1
2

(
u2

2 ± |u|u
)
such that

F(u) = u2

2 . A lack of commutativity between S and A = diag (|u|) means that

(31) no longer holds; SA is not symmetric positive semi-definite. SA + (SA)T

can have negative eigenvalues, even though SA will not. To make this concrete,
consider a single block x ∈ [0, 1] with 5 equispaced nodes. Using the pu = 2
UFD operators1 from [44] (where pu is as defined in [44]),

D+ =



−12 20 −8

−0.8 −4 6.4 −1.6

−6 8 −2

−4 4

−4 4


, H =

1

16



1

5

4

5

1


,

the same splitting as above, and a solution u = 2 + 6x− x2, then

uTHADu = −uTSUu ≈ 0.185 > 0 , U = diag(|u|).

In other words, the dissipation introduced by the upwind vector splitting is
in fact antidissipative in the H energy norm despite a smooth, nearly linear,
and positive solution u ≥ 2 on x ∈ [0, 1]. It is clear therefore that such upwind
formulations do not in general lead to provably stable nonlinear dissipation.

4.2 Uniqueness of Volume Dissipation for Spectral-Element Operators

While the FD dissipation operators presented in this work differ from those
recovered from the UFD operators of [44], applying the construction procedure
of §2.3 to SE operators results in the same 1D dissipation operators as those
in [36] and recovered from the USE operators of [56], up to a multiplicative
constant. Enforcing design order accuracy through ADx

k = 0 ∀k ∈ {0, 1 . . . p}
results in the trivial operator AD = 0 [36, 56]. Alternatively, we can reduce
the accuracy by one order to obtain viable dissipation matrices, based on the
following theorem, which is similar to Theorem 1 of [36].

1 Using pu = 3 operators will similarly result in antidissipation of uTHADu ≈ 0.06 > 0.
Also, note that [D−]i,j = − [D+]N+1−j,N+1−i.
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Theorem 6 Consider a symmetric volume dissipation operator AD ∈ RN×N

defined on a 1D reference element with N = p + 1 ≥ 2 unique nodes {x} ∈
[−1, 1]. If ADx

k = 0 ∀k ∈ {0, 1 . . . p− 1}, then AD is uniquely defined up to a
multiplicative constant.

Proof The case where ADx
p = 0 results in the trivial operator AD = 0 [36,56].

Consider instead the more general case, ADx
p ̸= 0. The assumption that AD

annihilates polynomials up to degree p−1 is equivalent to saying that the poly-

nomial subspace Pp−1 = span
(
{xk}p−1

k=0

)
⊂ RN lies in the null-space of AD.

Since Pp−1 is of dimension p = N − 1, dim (Nul (AD)) ≥ N − 1. Furthermore,
since xp does not lie in the null-space of AD, dim (Col (AD)) ≥ 1. Therefore, AD

is rank 1, and since it is also symmetric, it is diagonalizable and has exactly
one non-zero eigenvalue λ with corresponding eigenvector v where ∥v∥ = 1.
As a consequence, AD can be expressed as AD = λvvT. Taking an orthogonal
basis {ϕk}N−1

k=1 for Pp−1, by considering the inner products λvvTϕk = 0, we
observe that v is orthogonal to Pp−1, and since the orthogonal complement
to this subspace is unique and of dimension 1, we conclude that v is unique.
Therefore, the decomposition AD = λvvT is uniquely determined by the poly-
nomial annihilation condition, up to the value of λ. ⊓⊔

Examination of the SE operators presented in this work and those of [36]
and [56] reveals that they satisfy the conditions of Theorem 6. Intuitively, this
uniqueness can be explained by the fact that SE operators with minimal de-
grees of freedom are unique and nondissipative. If we relax the discretization’s
polynomial exactness by one degree to introduce dissipation, AD must then
be uniquely specified up to a constant. Consequently, for SE operators, the
boundary correction matrix B and the variable coefficient averaging at half-
nodes for odd s are irrelevant, since the resulting dissipation operators will
only be modified by a multiplicative constant. However, the inclusion of vari-
able coefficients either inside or outside the dissipation operator, as discussed
in §4.1, as well as extensions to systems of conservation laws discussed in §2.2
remain important, and will result in different stability properties of the nu-
merical schemes. It is possible to obtain more general SE dissipation operators
by reducing polynomial exactness even further (e.g. [55]), however alternative
strategies to maintain design-order accuracy and dimensional consistency are
then required, such as scaling ε by some power of h or a nonlinear design-order
functional, as is commonly done in artificial-viscosity approaches [6,68,70,71].

5 Numerical Results and Discussion

All numerical results are reproducible via the open-source repository https://
github.com/alexbercik/ESSBP/tree/main/Paper-StableVolumeDissipation.
Unless otherwise specified, time-marching is performed using the eighth-order
adaptive Dormand–Prince algorithm [32] with relative and absolute tolerances
taken below 10−12 such that temporal errors are negligible.

https://github.com/alexbercik/ESSBP/tree/main/Paper-StableVolumeDissipation
https://github.com/alexbercik/ESSBP/tree/main/Paper-StableVolumeDissipation
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5.1 Linear Convection Equation

We first examine the spectra of central SBP semi-discretizations of the one-
dimensional linear convection equation on a periodic domain x ∈ [0, 1], de-
scribed for example in [20], augmented with different variants of the FD volume
dissipation (9). To ensure design order, we use s = p+1. We compare these to
the spectra of UFD SBP semi-discretizations described in [44]. The normalized
spectra for CSBP p = 3 and p = 4 operators are plotted in Figure 1 using 80
nodes and upwind SATs (Lax-Friedrichs numerical fluxes). Experimentally, we
find that a value of ε = 3.125×5−s applies a comparable amount of dissipation
to UFD schemes without impacting the spectral radius or time step restric-
tion. More generally, however, this coefficient may be problem-dependent, and
lower values may be preferable. Therefore, for the remainder of this work, we
also use a smaller value of ε = 0.625 × 5−s. Further discussion on selecting ε
can be found in the supplementary material. Following the discussions of §3.1
and §3.2, we compare four variants of the dissipation operators by optionally
including the boundary correction B and undivided norm H̃ (not applied at
half-nodes for odd s) in the dissipation operators. While including H̃ has rel-
atively little impact on the spectra, the inclusion of B is observed to have a
beneficial effect on the spectral radius, particularly for higher degrees p and
values of ε. Eigenvalues with large negative real parts correspond to eigen-
vectors with large oscillations near the block boundaries, consistent with the
observation in §3.1 that B reduces the dissipation applied at the boundaries.
Additional spectra for varying degrees p of CSBP, HGTL, HGT, and Mattsson
operators exhibit similar behaviour, and are shown in Appendix B. For SE op-
erators, we use the formulation AD = −εH−1D̃T

s D̃s (since it was shown in §4.2
that the choice of C is irrelevant) with s = p, and set dissipation coefficients
ε ≈ 0.1 × 2.25−p such that the addition of volume dissipation increases the
spectral radius of the semi-discretizations by approximately 20%. Spectra for
LGL and LG operators are included in Appendix B.

To verify the order of accuracy of the FD dissipation operators, we perform
a grid-refinement. We use the initial condition

U (x, 0) = e0.5(
x−0.5
0.08 )

2

(32)

and evaluate the solution error ∥u− U∥H = (u− U)T H (u− U) after either
one or one and a half periods on grids with between 40 and 240 nodes. Moti-
vated by the spectra of Figure 1 and arguments in §3, we use the formulation
AD = −εH−1D̃T

s BD̃s with s = p + 1. Results for CSBP p = 3 and p = 4 are
plotted in Figure 2, where we again include UFD discretizations of [44] for
comparison, as well as discretizations with no volume dissipation (but dissi-
pation from upwind SATs), and no dissipation at all (using symmetric SATs).
Error convergence rates are computed using a linear best-fit through the data.
All discretizations achieve the expected convergence rates of ≥ p+1, and are in
fact consistent with the sharper ≥ p+1.5 error estimates of [40]. Furthermore,
when the final time is chosen such that the Gaussian is in the interior of the
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(c) CSBP p = 4, ε = 0.0002

Fig. 1: Eigenspectra for the linear convection equation of the UFD SBP semi-
discretizations of [44] and central CSBP semi-discretizations with 80 nodes,
upwind (Lax-Friedrichs) SATs, augmented with dissipation operators s = p+1.

domain, discretizations with volume dissipation converge at a much greater
than expected rate of ≥ 2p, matching the order of the interior stencil. For ex-
ample, for CSBP p = 4 operators, at t = 1.5, when the Gaussian is at a block
interface, discretizations with volume dissipation gain one additional order of
convergence and one-order-of-magnitude reduction in error on the finest grid
level. At t = 1, however, when the Gaussian is in the block interior, discretiza-
tions with volume dissipation gain two and a half orders of convergence and
a three-order-of-magnitude reduction in error on the finest grid level. In gen-
eral, the benefit to solution accuracy of volume dissipation increases with p.
For larger p, all discretizations with volume dissipation perform nearly iden-
tically, but for smaller p, the odd pu upwind formulation appears preferable,
likely due to its wider and more accurate internal stencil. Figure 3a demon-
strates that the exclusion of H has little impact on solution accuracy, further
justifying the choice C = BA. Additional plots in Appendix B demonstrate
similar results for HGTL, HGT, and Mattsson operators; however, the addi-
tion of volume dissipation does not appear to improve the solution accuracy
of Mattsson operators. Nevertheless, volume dissipation may still be beneficial
for Mattsson operators in other ways, such as in accelerating convergence to
steady-state and maintaining positivity of thermodynamic variables (demon-
strated in §5.5). A comparison in Figure 3b demonstrates that using HGTL,
HGT, or Mattsson operators can result in a roughly two-order-of-magnitude
reduction in error as compared to equispaced CSBP operators. Since SE SBP
schemes augmented with volume dissipation (9) are equivalent to the USE dis-
cretizations of [30] in the context of the linear convection equation, we defer
the verification of their accuracy to [30] and Appendix A.

To further examine the effect of volume dissipation for FD operators, we
plot the difference between numerical and exact solutions in Figure 4 after
one period. In addition to the Gaussian initial condition (32), we also use a
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Fig. 2: Solution error convergence after 1 or 1.5 periods of the linear convection
equation for UFD and central SBP schemes with either symmetric (i.e., no
dissipation) or upwind SATs, and volume dissipation AD = −εH−1D̃T

s BD̃s

with s = p+ 1. Convergence rates are given in the legends.
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Fig. 3: Solution error convergence after 1 or 1.5 periods of the linear convection
equation for central SBP schemes with upwind SATs and volume dissipation
with ε = 0.0002. Subfigure (a) compares different formulations of AD, while
(b) and (c) compare different operators, each using AD = −εH−1D̃T

s BD̃s.

sinusoidal initial condition

U (x, 0) = sin (4πx), x ∈ [0, 1]. (33)

The discretization without any dissipation exhibits highly oscillatory errors
introduced by the boundary stencils, which are reduced but not completely
eliminated by the interface dissipation. Volume dissipation removes these high
frequency modes from the solution. Increasing the dissipation coefficient be-
yond ε = 3.125 × 5−s has a negligible impact on the errors observed in Fig-
ure 4. In examining the results of the sinusoidal initial condition in particular,
it becomes clear that the volume dissipation is effective in removing high-order
oscillations from the interior of the domain. Immediately adjacent to the block
boundaries however, solution accuracy is not significantly improved. This is
likely related to the presence of lower-order and possibly non-dissipative sten-
cils at the boundaries of AD, visible for example in the Taylor expansions (21)
and (22), and a direct result of the symmetric negative semi-definite structure
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Fig. 4: Solution error of the linear convection equation with either a Gaussian
(32) or Sinusoidal (33) initial condition for central SBP schemes using CSBP
p = 4 operators, either symmetric (i.e., no dissipation) or upwind SATs aug-
mented with dissipation AD = −εH−1D̃T

s BD̃s where s = 5.

of AD. This explains why discretizations with volume dissipation often exceed
expected error convergence rates when refining in an FD manner. Volume dis-
sipation becomes more effective as the number of interior nodes increases, and
since the interior also constitutes a larger portion of the domain, reducing its
error has a greater impact on the overall global error. This also provides in-
sight into why volume dissipation does not improve the solution accuracy of
Mattsson operators. Since Mattsson operators are optimized to minimize so-
lution error near block boundaries, the influence of the dissipation operator’s
lower-order boundary stencils likely becomes more pronounced. Optimizing
the dissipation operators by introducing unknowns near the boundaries of D̃s,
as mentioned in §2.3, could improve their accuracy benefit.

5.2 The Burgers Equation

To verify the nonlinear stability properties and examine the local linear sta-
bility properties of the dissipation operators, we study the inviscid Burgers
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Fig. 5: Maximum real part of the eigenvalues of the semi-discretization Jaco-
bian for the Burgers equation using UFD, USE, and entropy-stable split form
SBP schemes with either entropy-conservative (E.C.) or entropy-dissipative
(E.D.) Rusanov SATs. Values shown below 10−5 are zero to machine-precision.

equation on a periodic domain x ∈ [0, 1]. We employ the entropy-stable split-
form SBP semi-discretization described in [20] and [29] with Rusanov entropy-
dissipative interface SATs, i.e. a numerical interface flux with dissipative part

fdiss(uL, uR) = −max (|uL| , |uR|) (uR − uL) .

We choose the initial condition

U (x, 0) = sin (2πx) + β, (34)

where setting β = 1.5 leads to a strictly positive solution, ensuring that the
eigenvalues of the linearized semi-discretization Jacobian should have non-
positive real parts in order to be consistent with the local linear stability
properties of the continuous PDE [29]. We augment the baseline entropy-
dissipative scheme with volume dissipation AD = −εH−1D̃T

s BUD̃s, where U =
diag (uh) is the scalar flux Jacobian (with a simple average at half-nodes for
odd s as explained in §3.2), s = p + 1 and s = p for FD and SE operators,
respectively, and the values of ε selected in §5.1. We run the simulation until the
breaking time of t = 1/2π, and compare the behaviour to the UFD operators of
[44] and USE operators of [30] using the flux-vector splitting presented in [56],
as well as baseline entropy-conservative and entropy-dissipative discretizations
relying solely on interface dissipation (ε = 0).

To examine local linear stability, Figure 5 plots the maximum real part of
the eigenvalues of the semi-discretization Jacobian (linearization of the semi-
discretization), computed via the complex step approximation, at each time
step. Consistent with [30, 56], the upwind schemes are locally linearly stable
with β = 1.5, i.e., they possess no eigenvalues with positive real parts. By
contrast, and as discussed in [29], both the entropy-conservative scheme and
the entropy-dissipative scheme relying on interface dissipation alone are locally
linearly unstable. Reassuringly, adding a small amount of volume dissipation to
FD schemes is sufficient to maintain local linear stability to machine precision
for all time steps up until the breaking time. Similar results were obtained
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Fig. 6: Change in discrete energy ∥u∥2H = uTHu for the Burgers equation
using the UFD, USE, and entropy-stable split form SBP schemes with either
entropy-conservative (E.C.) or entropy-dissipative (E.D.) Rusanov SATs.

with varying degrees p, numbers of blocks, and numbers of interior nodes;
however it should be noted that these results do not hold past the breaking
time. Past t = 1/2π, a shock develops that often leads to the emergence
of eigenvalues with positive real parts, likely due to the connection between
local linear instabilities and under-resolved modes suggested in [29]. Although
SE schemes with volume dissipation also usually exhibit local linear stability,
Figure 5 includes a counterexample where adding volume dissipation does not
prevent the appearance of eigenvalues with positive real parts, even for smooth
solutions. A possible explanation is discussed in Appendix A.

To verify the nonlinear stability properties, Figure 6 plots the discrete en-
ergy in the H-norm for the case β = 0, where nonlinear instabilities are more
easily observed. Neglecting time marching errors, the entropy-conservative dis-
cretization conserves energy, as expected, while the entropy-dissipative dis-
cretizations exhibit a monotonic decrease in energy. An increase in energy
is observed for the upwind schemes, which stems from the lack of provable
stability discussed in §4.1. Past the breaking time of t = 1/2π, the presence
of the shock can cause the upwind discretizations to blow up, whereas the
entropy-stable discretizations remain stable for all times. The shock and re-
sulting spurious oscillations also significantly reduce the solution accuracy of
FD schemes without volume dissipation, whereas those augmented with vol-
ume dissipation are able to more accurately represent the correct solution. All
discretizations remain discretely conservative to machine precision.

5.3 1D Euler Density-Wave

In [29], a simple density-wave problem for the 1D Euler equations (11) was
found to be problematic for high-order entropy-stable schemes. Using an initial
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Fig. 7: The maximum real part of the eigenvalues and spectral radius of the
semi-discretization Jacobian, and crash times due to positivity errors for the
1D Euler density-wave problem using an UFD or entropy-dissipative scheme
with a p = 4 CSBP operator, entropy-dissipative SATs, and either matrix-
matrix or scalar-matrix volume dissipation acting on entropy variables.

condition where density is close to zero, i.e.,

u =


ρ

ρv

e

 , ρ = 1 + 0.98 sin (2πx) , v = 0.1 , p = 20 , γ = 1.4

on a domain x ∈ [−1, 1], the presence of unphysical eigenvalues with posi-
tive real parts was shown to quickly lead to spurious oscillations and posi-
tivity violations. To further investigate the ability of volume dissipation to
suppress these oscillations, we employ the entropy-stable discretization of
[17, 26] with the Chandrashekar entropy-conserving two-point flux [11] and
entropy-dissipative interface dissipation of [69]. We augment this with matrix-
matrix and scalar-matrix variants (introduced in §2.2) of the volume dissipa-
tion AD = −εH−1D̃T

s BAD̃s acting on entropy variables. For comparison, we
include results for the UFD scheme of [44,56] with Steger-Warming flux split-
ting [60] and Roe interface dissipation. We use the same problem formulation
and initial condition described in Equation (50) of [29] with a p = 4 CSBP
operator on grids of between 20 and 320 nodes.

Figure 7 shows the maximum real part of the eigenvalues and the spectral
radius of the semi-discretization Jacobian linearized about the initial con-
dition, along with the final crash time (up to tf = 50). On coarse grids,
all discretizations—including those with volume dissipation—exhibit eigenval-
ues with large positive real parts. However, as noted in [29], grid refinement
pushes these unphysical modes to higher frequencies. Since volume dissipa-
tion removes high-frequency modes, and does so more effectively as the grid
is refined, grid refinement sees the real parts of these eigenvalues converge
to zero at a rate far surpassing the order of the discretization. Therefore,
although entropy-dissipative schemes can initially exhibit unphysical linear
stability behavior on coarse grids, volume dissipation ensures rapid conver-
gence to the correct behavior under grid refinement, faster even than UFD
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schemes, without adversely impacting the spectral radius. Furthermore, while
UFD and entropy-stable discretizations relying solely on interface dissipation
often crash due to positivity violations, the addition of entropy-based volume
dissipation reduces oscillations and maintains positivity of thermodynamic
variables for long times. The smaller values of coefficient ε are found to be at
least as effective as—if not slightly more than— the larger values in control-
ling local linear perturbation growth, while also maintaining a smaller spectral
radius on coarse grids. Similar behavior is observed using different FD opera-
tors, entropy-conservative two-point fluxes, and interface SATs. In some cases,
volume dissipation reduces the positive real parts of eigenvalues to machine
precision even on relatively coarse grids. For SE operators, however, volume
dissipation does not appear to be effective in accelerating convergence of the
positive real parts of the eigenvalues to zero. We provide some discussion on
this in Appendix A. Nevertheless, the dissipation acts to enhance robustness
by maintaining positivity for long times.

5.4 2D Euler Unsteady Isentropic Vortex

To verify the accuracy of the dissipation operators in a nonlinear setting, we use
the well-known two-dimensional isentropic vortex problem for the compressible
Euler equations (see for example, [59]) with initial condition

u =


ρ

ρv

e

 , v = M∞

[
1− β y

Re−r2/2

β x
Re−r2/2

]
, e =

p

γ − 1
+

1

2
ρ ∥v∥2 ,

ρ =

(
1− 1

2
(M∞β)

2
(γ − 1) e−r2

)1/(γ−1)

, p =
ργ

γ
, r2 =

( x

R

)2

+
( y

R

)2

where γ = 1.4, M∞ = 0.5, β = 0.2, and R = 0.5 on a periodic domain (x, y) ∈
[−5, 5]2. The solution is advanced in time for one period (until tf = 20). We
employ two different schemes. The first is a central SBP scheme as described
in [38] that is not entropy-stable, augmented with Roe interface dissipation
and either scalar or matrix variants of the volume dissipation (28) acting
on conservative variables. The second is the entropy-stable discretization of
[17,26] using the Ranocha entropy-conserving two-point flux [54] and entropy-
dissipative interface dissipation of [69]. To both schemes, we add one of four
variants of the volume dissipation (28): scalar or matrix dissipation acting on
conservative variables, or scalar-matrix or matrix-matrix dissipation acting on
entropy variables. In each direction we use 3 blocks of either 202, 402, 802, and
1602 nodes such that the effect of block interfaces is included, ensuring that the
error convergence rates are not portrayed in an overly favourable scenario. For
comparison, we include comparable UFD and USE schemes using a modified
variant of the Steger-Warming flux splitting due to Drikakis and Tsangaris [23]
as described in [56].
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Fig. 8: Pressure error after one period of the isentropic vortex problem for
the 2D Euler equations using UFD [44], central (e.g., [38]), and entropy-stable
SBP schemes of [17,26]. The latter two are augmented with volume dissipation
(28), either as scalar or matrix formulations acting on conservative variables,
or scalar-scalar or scalar-matrix formulations acting on entropy variables. Con-
vergence rates are given in the legends.

The convergence of pressure errors is shown in Figure 8 for CSBP opera-
tors. The results are consistent with those observed for the linear convection
equation: all discretizations with volume dissipation achieve convergence rates
of ≥ p+ 1.5, with the majority gaining one order of accuracy and exhibit-
ing over an order of magnitude reduction in pressure error on finer grid lev-
els, relative to discretizations without volume dissipation. Generally, there are
negligible differences in accuracy between schemes augmented with different
volume dissipations, be it scalar or matrix variants, central, entropy-stable,
or even upwind discretizations. Additional figures in Appendix B demonstrate
the same conclusions for HGTL, HGT, and Mattsson operators, except for
a few cases where the scalar dissipation is seen to be overly-dissipative. Ap-
pendix B also includes results for LGL and LG operators demonstrating the
expected SE convergence rates of p. Similar results are observed for density
and entropy errors. Comparisons in Figure 8 once again demonstrate that us-
ing HGTL, HGT, or Mattsson operators can result in significant reductions in
error as compared to using equispaced CSBP operators.
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5.5 2D Euler Kelvin-Helmholtz Instability

Finally, we investigate the robustness of the presented volume dissipation using
the Kelvin-Helmholtz instability for the compressible Euler equations. We use
the same initial condition as in [56] and [30], i.e.

ρ =
1

2
+

3

4
β, v =

[
1
2β − 1

1
10 sin (2πx)

]
, p = 1,

β (x, y) = tanh (15y + 7.5)− tanh (15y − 7.5) ,

on a periodic domain (x, y) ∈ [−1, 1]2. The solution is advanced in time until
tf = 15 using the adaptive Dormand–Prince algorithm [32] with relative and
absolute tolerances of 10−7. To verify that robustness benefits of including
volume dissipation are independent of the choice of time-marching method
and time step, we also performed simulations using the classical fourth-order
Runge–Kutta method with a fixed time step set at CFL = 1. Although tem-
poral accuracy suffers, the robustness benefits discussed below persist.

As before, we employ three different schemes: i) a central SBP scheme [38]
augmented with Roe interface dissipation and either scalar or matrix vari-
ants of the volume dissipation (28) acting on conservative variables, ii) the
entropy-stable discretization of [17,26] using the Ranocha entropy-conserving
two-point flux [54], entropy-dissipative interface dissipation of [69], and ei-
ther scalar-matrix or matrix-matrix dissipation acting on entropy variables,
and iii) the UFD and USE schemes of [44, 56] and [30], respectively, with
Drikakis-Tsangaris flux splitting [23] and Roe interface dissipation. For FD
discretizations, we use either one or three blocks in each direction, with be-
tween 202 and 4802 nodes in each block. We match the total degrees of freedom
across the two configurations; e.g. one block of 602 nodes matches 32 blocks
of 202 nodes each. For SE discretizations, we use between 4 and 32 elements
in each direction with a fixed (p + 1)2 nodes in each element. To verify that
the results do not depend on the choice of matrix interface dissipation, we also
include SE results with scalar (Rusanov) interface dissipation. The crash time
is determined by either thermodynamic variables becoming non-positive, or
the time step dropping below 10−10. A vanishingly small time step is a result
of the semi-discretization Jacobian possessing extremely large eigenvalues, of-
ten with large positive real parts, which likewise occurs when thermodynamic
variables approach zero.

Figure 9 shows density contours for the matrix-matrix low-dissipation case
ε = 0.625 × 5−s at t = 3.7 and t = 6.7, matching the times reported in [58]
for a p = 7 entropy-stable discontinuous Galerkin scheme augmented with
a positivity-preserving mechanism. Both the primary and secondary vortex
structures observed in Figure 9 are qualitatively similar to those in [58].
Comparable results are also observed across different operators. However,
fine structures appear more smoothed out at higher dissipation coefficients
ε = 3.125× 5−s and with scalar-matrix dissipation, while spurious oscillations
emerge at lower dissipation coefficients (ε = 0.125× 5−s).
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Fig. 9: Density contours for the Kelvin-Helmholtz instability using the entropy-
stable scheme of [17,26] with a p = 4 CSBP operator of 4802 nodes and matrix-
matrix s = p+1 dissipation (28) acting on entropy variables with ε = 0.0002.

The final crash times for UFD and CSBP schemes are reported in Table 2.
Among all methods tested, the central discretization without volume dissipa-
tion is the least robust, consistently crashing between t = 1 and t = 2. Adding
volume dissipation offers modest improvement, increasing crash times to be-
tween t = 3 and t = 5. Additional results in Appendix B show that employing
scalar dissipation and larger ε yield further robustness improvements. A more
substantial improvement, however, is achieved by switching to a UFD dis-
cretization, with a significantly higher proportion of runs reaching t = 15. The
reason for this enhanced robustness warrants further investigation. Regard-
less, consistent with [56], UFD robustness eventually degrades with increasing
polynomial degree and grid refinement.

The entropy-stable scheme without volume dissipation, while more robust
than its central counterpart, also crashes between t = 2 and t = 4. Adding
volume dissipation applied to entropy variables, however, results in schemes
that consistently complete the simulation to t = 15. All entropy-dissipative
variants tested—both matrix-matrix and scalar-matrix variants, with small
and large values of ε (and even values at a lower one twenty-fifth of the large
coefficient)—exhibited this high level of robustness, monotonically dissipat-
ing entropy and maintaining positivity of thermodynamic variables. This also
holds true for HGTL and Mattsson operators; as detailed in Appendix B, the
entropy-stable scheme with entropy-based volume dissipation reaches t = 15
for all tested cases. However, HGT simulations do not exhibit this same robust-
ness. Although the entropy-dissipative discretizations still exhibit improved
robustness over central discretizations, they crash for increasing polynomial
degree and grid refinement. Examining the solutions at crash times reveals
that thermodynamic variables at solution nodes remain positive, well above
zero. However, extrapolations of the solution to the block boundaries result
in interface solutions with near-zero thermodynamic variables. Since these un-
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Table 2: Crash times (up to tf = 15) for the Kelvin-Helmholtz instability using
CSBP and UFD operators. Degrees of freedom (DOF) are given in terms of
number of blocks times number of nodes per block.

(a) UFD [44] with Drikakis-Tsangaris flux splitting [23], as described in [56].
Recall that comparable central schemes use p ∼ ⌊ pu

2
⌋, as detailed in Table 1.

DOF pu = 4 pu = 5 pu = 6 pu = 7 pu = 8 pu = 9

1× 302 15.0 15.0 15.0 15.0 15.0 15.0

1× 602 15.0 15.0 15.0 15.0 15.0 14.97

1× 1202 15.0 15.0 15.0 6.02 4.56 4.52

1× 2402 15.0 15.0 8.24 5.69 4.69 4.61

1× 4802 15.0 15.0 6.04 4.62 4.59 4.59

32 × 202 15.0 5.37 4.24 4.08 5.10 9.78

32 × 402 5.26 5.28 4.78 5.20 4.54 3.36

32 × 802 15.0 3.91 3.86 3.85 3.75 3.68

32 × 1602 15.0 3.87 3.83 3.81 3.78 3.72

(b) Central CSBP,
no volume dissipation (ε = 0).

DOF p = 2 p = 3 p = 4

1× 302 1.56 1.50 1.41

1× 602 1.26 1.23 1.23

1× 1202 1.40 1.43 1.45

1× 2402 1.89 1.93 1.94

1× 4802 2.29 2.83 2.84

32 × 202 1.19 1.07 1.16

32 × 402 1.39 1.42 1.39

32 × 802 1.88 1.91 1.91

32 × 1602 2.39 2.82 2.57

(c) Entropy-stable CSBP,
no volume dissipation (ε = 0).

DOF p = 2 p = 3 p = 4

1× 302 2.92 3.50 3.67

1× 602 3.43 3.21 3.04

1× 1202 3.10 3.18 3.25

1× 2402 3.61 3.61 3.63

1× 4802 3.69 3.66 3.50

32 × 202 2.92 2.88 2.31

32 × 402 3.13 2.95 2.77

32 × 802 3.66 3.62 3.56

32 × 1602 3.64 3.67 3.55

(d) Central CSBP, matrix dissipation,
s = p+ 1, large ε = 3.125× 5−s.

DOF p = 2 p = 3 p = 4

1× 302 15.0 15.0 7.58

1× 602 4.68 3.75 3.63

1× 1202 4.50 4.35 4.16

1× 2402 5.13 3.61 3.59

1× 4802 4.57 4.14 3.53

32 × 202 5.20 1.35 2.95

32 × 402 4.48 4.20 3.15

32 × 802 3.94 3.58 3.58

32 × 1602 3.87 3.71 3.30

(e) Entropy-stable CSBP, matrix-matrix or
scalar-matrix dissipation, s = p+ 1,
ε = 3.125× 5−s or ε = 0.625× 5−s.

DOF p = 2 p = 3 p = 4

1× 302 15.0 15.0 15.0

1× 602 15.0 15.0 15.0

1× 1202 15.0 15.0 15.0

1× 2402 15.0 15.0 15.0

1× 4802 15.0 15.0 15.0

32 × 202 15.0 15.0 15.0

32 × 402 15.0 15.0 15.0

32 × 802 15.0 15.0 15.0

32 × 1602 15.0 15.0 15.0
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Table 3: Crash times (up to tf = 15) for the Kelvin-Helmholtz instability
using LGL operators. Degrees of freedom are calculated as DOF = K2(p+ 1)2,
where K is the number of elements per direction. The dissipation coefficients
are ε1 = [0.01, 0.004, 0.002, 0.0008, 0.0004, 0.0002] for p = [3–8], respectively,
and ε1/5 as one fifth of these values. Results with matrix and Rusanov scalar
interface dissipation are shown left/right, respectively.

(a) USE-LGL with Drikakis–Tsangaris flux splitting [23].
Recall that s = p in this work corresponds to pu = p− 1 in [30].

K ε p = 3 p = 4 p = 5 p = 6 p = 7 p = 8

4 ε1 15.0/15.0 2.63/2.23 1.71/1.54 2.60/2.24 2.11/2.05 1.86/2.47

8 ε1 15.0/15.0 15.0/8.50 2.49/2.45 2.25/3.16 2.25/2.24 1.87/1.79

16 ε1 4.69/3.83 3.94/2.78 2.45/2.45 2.52/2.56 2.19/1.85 2.23/1.97

32 ε1 3.18/3.27 3.23/3.54 2.34/2.46 2.37/2.37 2.41/2.39 2.17/2.22

4 ε1/5 15.0/15.0 2.93/1.57 3.63/2.00 4.23/4.22 1.91/1.84 2.17/2.41

8 ε1/5 1.82/1.70 3.48/3.06 4.22/2.86 1.54/1.61 2.88/3.22 3.69/2.99

16 ε1/5 4.31/4.19 3.46/3.47 4.05/3.61 3.45/3.14 3.58/3.23 3.14/2.56

32 ε1/5 3.42/3.50 3.58/4.13 3.62/3.54 3.36/3.57 3.49/3.31 3.20/3.16

(b) Entropy-stable (often called ‘DGSEM’), no volume dissipation (ε = 0).

K p = 3 p = 4 p = 5 p = 6 p = 7 p = 8

4 15.0/4.46 15.0/2.47 15.0/3.01 15.0/2.80 15.0/3.63 15.0/4.13

8 15.0/1.53 15.0/4.04 5.79/3.70 4.20/4.10 15.0/3.56 4.25/3.66

16 15.0/3.77 15.0/4.44 5.79/3.74 15.0/3.37 5.01/3.64 4.95/3.83

32 3.52/3.66 15.0/4.27 4.80/3.54 15.0/3.66 5.95/3.56 4.44/3.50

(c) Entropy-stable (DGSEM), matrix-matrix or scalar-matrix dissipation, s = p, scalar
Rusanov or matrix interface dissipation of [69].

K ε p = 3 p = 4 p = 5 p = 6 p = 7 p = 8

4 ε1 15.0 15.0 15.0 15.0 15.0 15.0

8 ε1 15.0 15.0 15.0 15.0 15.0 15.0

16 ε1 15.0 15.0 15.0 15.0 15.0 15.0

32 ε1 15.0 15.0 15.0 15.0 15.0 15.0

4 ε1/5 15.0 15.0 15.0 15.0 15.0 15.0

8 ε1/5 15.0 15.0 15.0 15.0 15.0 15.0

16 ε1/5 15.0 15.0 15.0 15.0 15.0 15.0

32 ε1/5 15.0 15.0 15.0 15.0 15.0 15.0

physical interface solutions are used in SAT calculations, the semi-discrete
Jacobian becomes extremely stiff despite the solution maintaining smoothness
and positive thermodynamic variables everywhere in the interior.

Similar results are observed for spectral-element discretizations. As re-
ported in Table 3 and consistent with [30], the USE and the entropy-stable
scheme without volume dissipation exhibit comparable robustness, with sim-
ulations frequently crashing between t = 2 and t = 4. Robustness improves
substantially when the matrix-based interface dissipation of [69] is used for
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entropy-stable formulations, enabling a significant fraction of simulations to
reach the final time of t = 15. As in the finite-difference case though, entropy-
stable schemes augmented with entropy-based volume dissipation demonstrate
exceptional robustness: for LGL operators, both matrix-matrix and scalar-
matrix dissipation, and for both small and large values of ε, all simulations
completed successfully, ensuring both long-time stability and positivity of ther-
modynamic variables. As detailed in Appendix B, however, the LG operators
are less robust. Although entropy-dissipative LG discretizations still exhibit
improved robustness over both central and USE discretizations, they crash
for increasing polynomial degree and number of elements. Similar to HGT
operators, solutions at the final crash times possess positive thermodynamic
variables at all solution nodes, but at intermediate interpolation points or at
extrapolated interface nodes, solutions can contain become unphysical.

In [10], entropy-stable schemes employing an entropy projection demon-
strated improved robustness over collocation schemes (such as those employed
in this work). Although the mechanism behind the improved robustness was
not definitively explained, they highlighted that as the flow approaches a vac-
uum state, the entropy approaches non-convexity. A similar explanation could
explain the positivity results of §5.3 and §5.5, in that higher-order derivatives
of the entropy variables become large in regions of low density, leading to
increased volume dissipation, and better positivity preservation. Our results
therefore may offer additional insight into this robustness difference, though
further work is needed to clarify the roles of entropy projection and artificial
dissipation in the robustness of entropy-stable schemes.

6 Conclusions

We have shown how to construct volume dissipation operators for finite-
difference and spectral-element methods with the generalized SBP property
such that they are design-order accurate, dimensionally consistent, and pre-
serve energy or entropy stability when used with energy- or entropy-stable
schemes. The dissipation operators were proven to be stable, conservative,
design-order accurate, and free-stream preserving. An extension to multiple
dimensions was performed using a tensor-product formulation. Several new ar-
tificial dissipation operators were then constructed for use with HGTL, HGT,
Mattsson, LGL, and LG operators. We have clarified the inclusion of the vari-
able coefficient, noting that averaging the variable coefficient at half-nodes is
required for odd-degree D̃s operators to ensure that the dissipation operator is
not directionally biased. Furthermore, we have shown that different choices for
the boundary correction matrix B can affect both the accuracy and amount
of dissipation applied at block/domain boundaries.

We also connected the constructed dissipation operators to other approaches
for including volume dissipation in the literature. In contrast to upwind SBP
operators implemented with flux-vector splitting, the present approach pre-
serves the nonlinear stability and free-stream preservation properties of the
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underlying scheme while introducing an adjustable mechanism to control local
linear instabilities and suppress spurious high-order modes. When applied to
linear problems in a spectral-element context, we have shown that the present
approach reproduces volume dissipation operators that are equivalent to other
more involved approaches leveraging orthogonal polynomials.

Numerical examples have verified the nonlinear stability, conservation, and
accuracy properties of the presented dissipation operators using a suite of test
problems involving the linear convection, Burgers, and Euler equations. The
results suggest that volume dissipation can be beneficial even when it is not re-
quired for stabilization purposes. For finite-difference operators, it was shown
that adding volume dissipation can significantly increase the accuracy of the
resulting discretizations. For the Burgers equation, we have also shown that
entropy-stable discretizations augmented with a small amount of volume dis-
sipation are able to maintain local linear stability. In general, while adding
volume dissipation does not guarantee local linear stability, it extends the
range of problems for which entropy-stable discretizations exhibit this prop-
erty, and accelerates convergence towards it under finite-difference grid re-
finement. Finally, we have shown that volume dissipation greatly enhances
robustness and helps maintain the positivity of thermodynamic variables in
under-resolved flows. We do not claim our volume dissipation to be a substitute
for positivity-preserving mechanisms; rather, it broadens the class of problems
that entropy-stable methods can solve without requiring such mechanisms,
and may reduce reliance on them in more challenging scenarios.

Future work can involve the optimization of the operators presented in
this work. This can be achieved by adding more degrees of freedom of the D̃s

matrices near the boundaries, or investigating optimal ways to average the
variable coefficient A at half-nodes. Strategies to localize the volume dissipa-
tion by modifying the structure of B, similar to [41], could also be investi-
gated. In terms of applications, future work could focus on how the presented
dissipation influences both convergence to steady state and the accuracy of
functional outputs. Application of the dissipation operators to the residual
correction schemes of [1] through the framework established in [25] may also
be of interest. Finally, the combination of volume dissipation with appropriate
shock capturing and positivity-preserving mechanisms should be investigated.
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Appendix A: Some Comments Regarding the Performance of
Spectral-Element Volume Dissipation

The question of whether or not volume dissipation should be incorporated in SE schemes is
nuanced, given that interface dissipation is often sufficient in the absence of strong shocks
[13]. With the recent introduction of USE SBP schemes in [30], however, this question has
received more attention.

We first discuss the order of accuracy in the context of the linear convection equation.
We use the same SBP discretizations and Gaussian initial condition (32) described in §5.1,
augmented with dissipation AD = −εH−1D̃T

s D̃s and s = p. Example results which verify the
expected convergence rates of approximately p are shown in Figure 10. Consistent with [30],
we observe an improvement in solution error when compared to baseline discretizations of
equal degree. However, this is potentially misleading, because by simply ‘turning off’ the dis-
sipation one can obtain even more accurate solutions. Figure 11 compares the the difference
between the numerical and exact solution after one period using the initial condition

U (x, 0) = sin (2πx), x ∈ [0, 1]. (35)

Once again, the solution accuracy of the discretizations with volume dissipation falls some-
where between the higher and equal degree baseline discretizations. Experiments performed
with the Burgers equation likewise show that SE volume dissipation constructed with the
current framework is not any more effective in improving solution accuracy than schemes
relying on interface dissipation alone, even after the formation of shocks.

To understand why this is the case, it is useful to express AD as follows. The accuracy
conditions (18) coupled with a minimum number of N = p + 1 nodes lead to D̃s matrices
with repeating rows, implying D̃s = 1vT, where v contains the finite-difference stencil of
D̃s. Subsequently,

AD = −εH−1D̃T
s D̃s = −εNH−1vvT. (36)

AD, with column space of dimension 1, always maps vectors to span
(
H−1v

)
, which by

using nullspace arguments, is orthogonal to degree ≤ p− 1 polynomials with respect to the
discrete integration H. Therefore, the only mechanism by which AD can decrease energy
is by removing some amount of the highest-degree orthogonal polynomial H−1v from the
solution u. The current volume dissipation framework is therefore unlikely to lead to a more
accurate solution when applied to SE schemes. In some respect, the oscillations observed in
Figure 11 for the baseline discretizations are optimal in the H-norm, because they are the
result of finding the best possible polynomial approximation of U . Therefore, it is reasonable
to conjecture that removing information from the highest-order mode will negatively impact
the accuracy of the approximation. Furthermore, the absence of a repeating interior stencil
likely precludes the accuracy benefits observed in §5.1 in block interiors of FD operators.

Consider as another example the local linear stability of the 1D Euler density-wave
problem discussed in §5.3. Repeating the same experiment with LGL or LG operators shows
that entropy-stable schemes augmented with volume dissipation do not have eigenvalues with
smaller positive real parts than those relying on interface dissipation alone. Furthermore,

https://github.com/alexbercik/ESSBP/tree/main/Paper-StableVolumeDissipation
https://github.com/alexbercik/ESSBP/tree/main/Paper-StableVolumeDissipation
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Fig. 10: Solution error convergence after one period of the linear convection
equation for SE SBP schemes with upwind SATs, initial condition (32), and
dissipation AD = −εH−1D̃T

s D̃s with s = p. Convergence rates are given in the
legends.
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Fig. 11: Solution error after one period of the linear convection equation for
SE SBP schemes with upwind SATs, initial condition (35), and dissipation
AD = −εH−1D̃T

s D̃s with s = p.

the maxmimum real part does not reliably converge to zero as more elements are added. We
hypothesize that because the dissipation operator only acts on the highest-order orthogonal
mode, unphysical perturbations may not be properly damped if they contain energy in
lower-order modes. To fully remove oscillations from lower-degree polynomial modes, one
would have to further relax the accuracy conditions (18) by setting s < p. In such a case,
an alternative strategy would be necessary to retain high-order accuracy, such as applying
the volume dissipation as a filter as done in [55].

While we can conlude that the benefits of the volume dissipation presented in this work
are less significant for SE schemes than they are for FD schemes, it is important to remember
that SE volume dissipation can certainly still be beneficial for various reasons. These in-
clude accelerating convergence to steady-state, stabilizing SBP schemes that lack nonlinear
stability, and aiding in positivity preservation. The latter two benefits were demonstrated
in §5.5, where in particular, entropy-stable SE schemes augmented with volume dissipation
were found to be remarkably robust for the Kelvin-Helmholtz instability.
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Appendix B: Additional Spectra, Error Convergence Figures, and
Kelvin-Helmholtz Numerical Results

This section includes results from additional numerical experiments conducted alongside
those presented in the main article. These results provide a detailed comparison between
the CSBP, HGTL, HGT, Mattsson, LGL, and LG operators. We first present additional
spectra and error convergence plots for the linear convection equation grid convergence
study described in §5.1. Since the spectral-element schemes are equivalent to those of [30]
in the context of the linear convection equation, we omit linear convection equation results
for LGL and LG operators (though some discussion is included in Appendix A). Then, we
include additional pressure error convergence plots for the 2D Euler equations isentropic
vortex problem described in §5.4, both for finite-difference and spectral-element operators.
Finally, we provide more detailed tables showing final crash times of the Kelvin-Helmholtz
instability described in §5.5.
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Fig. 12: Eigenspectra for the Linear Convection Equation of central SBP semi-
discretizations using CSBP, HGTL, HGT, or Mattsson operators on a grid of
80 nodes, upwind (Lax-Friedrichs) SATs and dissipation s = p+1 with a large
coefficient value of ε = 3.125 × 5−s. Spectra without any volume dissipation
(ε = 0) and of UFD discretizations of [44] included for comparison.
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Fig. 13: Eigenspectra for the Linear Convection Equation of central SBP semi-
discretizations using CSBP, HGTL, HGT, or Mattsson operators on a grid of
80 nodes, upwind (Lax-Friedrichs) SATs and dissipation s = p+1 with a small
coefficient value of ε = 0.625 × 5−s. Spectra without any volume dissipation
(ε = 0) and of UFD discretizations of [44] are included for comparison.
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Fig. 14: Solution error convergence after one period (t = 1) of the linear con-
vection equation for UFD SBP semi-discretizations of [44] and central SBP
semi-discretizations with either symmetric (i.e., no dissipation) or upwind
SATs augmented with dissipation AD = −εH−1D̃T

s BD̃s with s = p + 1 and
varying ε. A grid of 40, 60, 80, 120, 160, and 240 nodes is used. Solution error
convergence rates are given in the legends.
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Fig. 15: Solution error convergence after one and a half periods (t = 1.5) of
the linear convection equation for UFD SBP semi-discretizations of [44] and
central SBP semi-discretizations with either symmetric (i.e., no dissipation) or
upwind SATs augmented with dissipation AD = −εH−1D̃T

s BD̃s with s = p+1
and varying ε. A grid of 40, 60, 80, 120, 160, and 240 nodes is used. Solution
error convergence rates are given in the legends.
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Fig. 16: Pressure error after one period of the isentropic vortex problem for the
2D Euler equations using UFD SBP discretizations of [44] and SBP central
discretizations (e.g., [38]). The latter is augmented with volume dissipation
(28), either as scalar or matrix formulations acting on conservative variables
with s = p+1. Three blocks in each direction of 202, 402, 802, and 1602 nodes
are used. Convergence rates are given in the legends.
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Fig. 17: Pressure error after one period of the isentropic vortex problem for
the 2D Euler equations using the entropy-stable discretizations of [17,26] with
volume dissipation (28), either as scalar or matrix formulations acting on con-
servative variables, or scalar-scalar or scalar-matrix formulations acting on
entropy variables with s = p + 1. Three blocks in each direction of 202, 402,
802, and 1602 nodes are used. Convergence rates are given in the legends.
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Fig. 18: Pressure error after one period of the isentropic vortex problem for
the 2D Euler equations using USE SBP discretizations of [30] and SE SBP
central discretizations. The latter is augmented with volume dissipation (28),
either as scalar or matrix formulations acting on conservative variables with
s = p. Convergence rates are given in the legends.
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Fig. 19: Pressure error after one period of the isentropic vortex problem for
the 2D Euler equations using the SE entropy-stable discretizations of [17, 26]
with volume dissipation (28), either as scalar or matrix formulations acting on
conservative variables, or scalar-scalar or scalar-matrix formulations acting on
entropy variables with s = p. Convergence rates are given in the legends.
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Table 4: Crash times (up to tf = 15) for the Kelvin-Helmholtz instability
described in §5.5 using CSBP operators with s = p+ 1 and a single block.

(a) Central, ε = 0.

DOF p = 2 p = 3 p = 4

302 1.56 1.50 1.41

602 1.26 1.23 1.23

1202 1.40 1.43 1.45

2402 1.89 1.93 1.94

4802 2.29 2.83 2.84

(b) Entropy-stable, ε = 0.

DOF p = 2 p = 3 p = 4

302 2.92 3.50 3.67

602 3.43 3.21 3.04

1202 3.10 3.18 3.25

2402 3.61 3.61 3.63

4802 3.69 3.66 3.50

(c) Central, matrix
ε = 3.125× 5−s.

DOF p = 2 p = 3 p = 4

302 15.0 15.0 7.58

602 4.68 3.75 3.63

1202 4.50 4.35 4.16

2402 5.13 3.61 3.59

4802 4.57 4.14 3.53

(d) Entropy-stable, matrix-matrix
ε = 3.125× 5−s.

DOF p = 2 p = 3 p = 4

302 15.0 15.0 15.0

602 15.0 15.0 15.0

1202 15.0 15.0 15.0

2402 15.0 15.0 15.0

4802 15.0 15.0 15.0

(e) Central, matrix
ε = 0.625× 5−s.

DOF p = 2 p = 3 p = 4

302 4.19 2.58 1.70

602 1.61 1.51 1.35

1202 3.73 3.69 3.23

2402 3.57 3.53 3.54

4802 3.54 3.37 3.49

(f) Entropy-stable, matrix-matrix
ε = 0.625× 5−s.

DOF p = 2 p = 3 p = 4

302 15.0 15.0 15.0

602 15.0 15.0 15.0

1202 15.0 15.0 15.0

2402 15.0 15.0 15.0

4802 15.0 15.0 15.0

(g) Central, scalar
ε = 3.125× 5−s.

DOF p = 2 p = 3 p = 4

302 15.0 15.0 15.0

602 15.0 4.18 4.54

1202 15.0 4.57 4.52

2402 15.0 5.95 4.52

4802 4.84 4.22 4.51

(h) Entropy-stable, scalar-matrix
ε = 3.125× 5−s.

DOF p = 2 p = 3 p = 4

302 15.0 15.0 15.0

602 15.0 15.0 15.0

1202 15.0 15.0 15.0

2402 15.0 15.0 15.0

4802 15.0 15.0 15.0

(i) Central, scalar
ε = 0.625× 5−s.

DOF p = 2 p = 3 p = 4

302 15.0 15.0 13.48

602 15.0 4.27 4.42

1202 4.54 4.51 4.45

2402 4.59 4.56 3.80

4802 4.52 4.46 3.72

(j) Entropy-stable, scalar-matrix
ε = 0.625× 5−s.

DOF p = 2 p = 3 p = 4

302 15.0 15.0 15.0

602 15.0 15.0 15.0

1202 15.0 15.0 15.0

2402 15.0 15.0 15.0

4802 15.0 15.0 15.0
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Table 5: Crash times (up to tf = 15) for the Kelvin-Helmholtz instability
described in §5.5 using HGTL operators with s = p+ 1 and a single block.

(a) Central, ε = 0.

DOF p = 2 p = 3 p = 4

302 1.56 1.50 1.50

602 1.26 1.23 1.23

1202 1.40 1.43 1.45

2402 1.89 1.93 1.94

4802 2.29 2.83 2.84

(b) Entropy-stable, ε = 0.

DOF p = 2 p = 3 p = 4

302 2.88 3.80 3.65

602 3.44 3.31 3.11

1202 3.10 3.18 3.25

2402 3.74 3.61 3.63

4802 3.69 3.65 3.66

(c) Central, matrix
ε = 3.125× 5−s.

DOF p = 2 p = 3 p = 4

302 15.0 15.0 14.09

602 4.68 4.31 4.28

1202 4.53 4.32 3.79

2402 4.84 3.61 3.55

4802 3.77 4.14 3.52

(d) Entropy-stable, matrix-matrix
ε = 3.125× 5−s.

DOF p = 2 p = 3 p = 4

302 15.0 15.0 15.0

602 15.0 15.0 15.0

1202 15.0 15.0 15.0

2402 15.0 15.0 15.0

4802 15.0 15.0 15.0

(e) Central, matrix
ε = 0.625× 5−s.

DOF p = 2 p = 3 p = 4

302 4.33 2.27 2.44

602 1.56 1.51 1.41

1202 3.71 3.69 2.24

2402 3.53 3.54 3.53

4802 3.37 3.37 3.40

(f) Entropy-stable, matrix-matrix
ε = 0.625× 5−s.

DOF p = 2 p = 3 p = 4

302 15.0 15.0 15.0

602 15.0 15.0 15.0

1202 15.0 15.0 15.0

2402 15.0 15.0 15.0

4802 15.0 15.0 15.0

(g) Central, scalar
ε = 3.125× 5−s.

DOF p = 2 p = 3 p = 4

302 15.0 15.0 15.0

602 15.0 15.0 4.38

1202 15.0 4.61 4.31

2402 15.0 15.0 4.54

4802 4.86 5.71 4.55

(h) Entropy-stable, scalar-matrix
ε = 3.125× 5−s.

DOF p = 2 p = 3 p = 4

302 15.0 15.0 15.0

602 15.0 15.0 15.0

1202 15.0 15.0 15.0

2402 15.0 15.0 15.0

4802 15.0 15.0 15.0

(i) Central, scalar
ε = 0.625× 5−s.

DOF p = 2 p = 3 p = 4

302 15.0 15.0 6.99

602 15.0 4.59 4.39

1202 4.53 4.50 4.45

2402 6.17 4.55 3.67

4802 4.24 4.45 3.66

(j) Entropy-stable, scalar-matrix
ε = 0.625× 5−s.

DOF p = 2 p = 3 p = 4

302 15.0 15.0 15.0

602 15.0 15.0 15.0

1202 15.0 15.0 15.0

2402 15.0 15.0 15.0

4802 15.0 15.0 15.0
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Table 6: Crash times (up to tf = 15) for the Kelvin-Helmholtz instability
described in §5.5 using HGT operators with s = p+ 1 and a single block.

(a) Central, ε = 0.

DOF p = 2 p = 3 p = 4

302 1.57 1.55 1.43

602 1.26 1.23 1.23

1202 1.40 1.43 1.45

2402 1.89 1.93 1.94

4802 2.29 2.83 2.84

(b) Entropy-stable, ε = 0.

DOF p = 2 p = 3 p = 4

302 2.83 2.95 2.45

602 3.36 2.42 2.49

1202 3.23 3.18 3.25

2402 3.74 3.42 3.41

4802 3.70 3.53 3.52

(c) Central, matrix
ε = 3.125× 5−s.

DOF p = 2 p = 3 p = 4

302 15.0 15.0 2.32

602 4.03 2.06 1.74

1202 4.51 4.34 3.10

2402 4.84 3.61 3.05

4802 3.77 4.14 3.11

(d) Entropy-stable, matrix-matrix
ε = 3.125× 5−s.

DOF p = 2 p = 3 p = 4

302 15.0 15.0 2.51

602 15.0 15.0 4.60

1202 15.0 15.0 4.36

2402 15.0 15.0 5.78

4802 15.0 5.45 5.35

(e) Central, matrix
ε = 0.625× 5−s.

DOF p = 2 p = 3 p = 4

302 4.34 2.85 1.56

602 1.56 1.51 1.41

1202 3.71 2.14 1.96

2402 3.53 3.53 3.01

4802 3.37 3.37 3.12

(f) Entropy-stable, matrix-matrix
ε = 0.625× 5−s.

DOF p = 2 p = 3 p = 4

302 15.0 15.0 2.30

602 15.0 4.26 3.05

1202 15.0 4.35 3.97

2402 15.0 8.21 4.25

4802 15.0 5.05 3.89

(g) Central, scalar
ε = 3.125× 5−s.

DOF p = 2 p = 3 p = 4

302 15.0 15.0 3.66

602 15.0 15.0 3.99

1202 15.0 15.0 5.57

2402 15.0 15.0 4.55

4802 4.86 5.96 4.55

(h) Entropy-stable, scalar-matrix
ε = 3.125× 5−s.

DOF p = 2 p = 3 p = 4

302 15.0 15.0 15.0

602 15.0 15.0 15.0

1202 15.0 15.0 4.62

2402 15.0 15.0 15.0

4802 15.0 15.0 15.0

(i) Central, scalar
ε = 0.625× 5−s.

DOF p = 2 p = 3 p = 4

302 15.0 4.75 1.93

602 15.0 4.01 1.90

1202 15.0 5.99 3.05

2402 6.00 4.56 3.08

4802 4.24 4.46 3.58

(j) Entropy-stable, scalar-matrix
ε = 0.625× 5−s.

DOF p = 2 p = 3 p = 4

302 15.0 15.0 2.68

602 15.0 15.0 3.97

1202 15.0 15.0 4.26

2402 15.0 15.0 4.25

4802 15.0 15.0 5.50
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Table 7: Crash times (up to tf = 15) for the Kelvin-Helmholtz instability
described in §5.5 using Mattsson operators with s = p+ 1 and a single block.

(a) Central, ε = 0.

DOF p = 2 p = 3 p = 4

302 1.75 1.50 1.47

602 1.24 1.17 1.17

1202 1.40 1.43 1.45

2402 1.88 1.92 1.93

4802 2.29 2.83 2.73

(b) Entropy-stable, ε = 0.

DOF p = 2 p = 3 p = 4

302 4.26 3.43 3.31

602 3.31 3.15 2.96

1202 3.23 3.21 3.28

2402 3.53 3.69 3.72

4802 3.68 3.74 3.68

(c) Central, matrix
ε = 3.125× 5−s.

DOF p = 2 p = 3 p = 4

302 15.0 2.06 2.15

602 4.57 4.13 3.91

1202 5.13 4.20 3.73

2402 4.84 3.59 3.57

4802 3.76 3.71 3.51

(d) Entropy-stable, matrix-matrix
ε = 3.125× 5−s.

DOF p = 2 p = 3 p = 4

302 15.0 15.0 15.0

602 15.0 15.0 15.0

1202 15.0 15.0 15.0

2402 15.0 15.0 15.0

4802 15.0 15.0 15.0

(e) Central, matrix
ε = 0.625× 5−s.

DOF p = 2 p = 3 p = 4

302 2.76 1.63 1.54

602 1.55 1.33 1.30

1202 3.68 3.64 2.15

2402 3.53 3.53 3.56

4802 3.37 3.38 3.50

(f) Entropy-stable, matrix-matrix
ε = 0.625× 5−s.

DOF p = 2 p = 3 p = 4

302 15.0 15.0 15.0

602 15.0 15.0 15.0

1202 15.0 15.0 15.0

2402 15.0 15.0 15.0

4802 15.0 15.0 15.0

(g) Central, scalar
ε = 3.125× 5−s.

DOF p = 2 p = 3 p = 4

302 15.0 15.0 15.0

602 15.0 15.0 4.42

1202 15.0 15.0 15.0

2402 150.0 15.0 4.54

4802 4.86 5.93 4.03

(h) Entropy-stable, scalar-matrix
ε = 3.125× 5−s.

DOF p = 2 p = 3 p = 4

302 15.0 15.0 15.0

602 15.0 15.0 15.0

1202 15.0 15.0 15.0

2402 15.0 15.0 15.0

4802 15.0 15.0 15.0

(i) Central, scalar
ε = 0.625× 5−s.

DOF p = 2 p = 3 p = 4

302 15.0 15.0 5.56

602 15.0 15.0 8.17

1202 15.0 6.33 4.22

2402 5.99 4.55 3.69

4802 4.25 4.03 3.65

(j) Entropy-stable, scalar-matrix
ε = 0.625× 5−s.

DOF p = 2 p = 3 p = 4

302 15.0 15.0 15.0

602 15.0 15.0 15.0

1202 15.0 15.0 15.0

2402 15.0 15.0 15.0

4802 15.0 15.0 15.0
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Table 8: Crash times (up to tf = 15) for the Kelvin-Helmholtz instability
described in §5.5 using LGL operators with s = p and K2 elements. The
dissipation coefficients are ε1 = [0.01, 0.004, 0.002, 0.0008, 0.0004, 0.0002] for
p = [3–8], respectively, and ε1/5 as one fifth of these values. Results with ma-
trix and scalar (for central schemes), or matrix-matrix and scalar-matrix (for
entropy-stable schemes) volume dissipation are shown left/right, respectively.

(a) USE-LGL with Drikakis–Tsangaris flux splitting [23].

K ε p = 3 p = 4 p = 5 p = 6 p = 7 p = 8

4 ε1 15.0 2.63 1.71 2.60 2.11 1.86

8 ε1 15.0 15.0 2.49 2.25 2.25 1.87

16 ε1 4.69 3.94 2.45 2.52 2.19 2.23

32 ε1 3.18 3.23 2.34 2.37 2.41 2.17

4 ε1/5 15.0 2.93 3.63 4.23 1.91 2.17

8 ε1/5 1.82 3.48 4.22 1.54 2.88 3.69

16 ε1/5 4.31 3.46 4.05 3.45 3.58 3.14

32 ε1/5 3.42 3.58 3.62 3.36 3.49 3.20

(b) Central with matrix/scalar conservative dissipation.

K ε p = 3 p = 4 p = 5 p = 6 p = 7 p = 8

4 0 1.72 1.46 2.81 2.57 1.57 1.47

8 0 2.89 2.94 1.27 1.65 1.65 1.26

16 0 1.59 1.50 2.07 1.69 2.97 1.71

32 0 1.64 3.49 2.90 3.19 2.86 3.22

4 ε1 13.58/6.37 2.86/2.83 2.87/3.28 2.98/2.75 1.81/1.64 2.08/1.88

8 ε1 3.20/1.50 2.98/2.11 1.36/2.07 2.39/1.71 1.65/1.70 1.48/2.07

16 ε1 1.64/2.24 2.36/3.47 2.09/3.38 1.93/2.98 3.32/3.53 2.95/2.33

32 ε1 1.90/2.06 3.65/3.17 3.55/3.01 3.56/3.03 3.47/3.08 3.23/3.13

4 ε1/5 1.85/15.0 1.52/2.96 2.74/15.0 2.59/3.44 1.63/2.14 1.48/1.80

8 ε1/5 2.92/1.93 2.95/4.98 1.27/3.51 1.76/1.72 1.64/2.87 1.28/2.33

16 ε1/5 1.64/2.37 1.54/4.08 2.07/3.37 1.72/3.02 3.01/3.31 2.94/2.99

32 ε1/5 1.74/3.20 3.60/3.24 2.91/3.57 3.35/3.08 3.18/3.14 3.22/3.17

(c) Entropy-stable with matrix-matrix/scalar-matrix entropy dissipation.

K ε p = 3 p = 4 p = 5 p = 6 p = 7 p = 8

4 0 15.0 15.0 15.0 15.0 15.0 15.0

8 0 15.0 15.0 5.79 4.20 15.0 4.25

16 0 15.0 15.0 5.79 15.0 5.01 4.95

32 0 3.52 15.0 4.80 15.0 5.95 4.44

4 ε1 15.0/15.0 15.0/15.0 15.0/15.0 15.0/15.0 15.0/15.0 15.0/15.0

8 ε1 15.0/15.0 15.0/15.0 15.0/15.0 15.0/15.0 15.0/15.0 15.0/15.0

16 ε1 15.0/15.0 15.0/15.0 15.0/15.0 15.0/15.0 15.0/15.0 15.0/15.0

32 ε1 15.0/15.0 15.0/15.0 15.0/15.0 15.0/15.0 15.0/15.0 15.0/15.0

4 ε1/5 15.0/15.0 15.0/15.0 15.0/15.0 15.0/15.0 15.0/15.0 15.0/15.0

8 ε1/5 15.0/15.0 15.0/15.0 15.0/15.0 15.0/15.0 15.0/15.0 15.0/15.0

16 ε1/5 15.0/15.0 15.0/15.0 15.0/15.0 15.0/15.0 15.0/15.0 15.0/15.0

32 ε1/5 15.0/15.0 15.0/15.0 15.0/15.0 15.0/15.0 15.0/15.0 15.0/15.0
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Table 9: Crash times (up to tf = 15) for the Kelvin-Helmholtz instability de-
scribed in §5.5 using LG operators with s = p andK2 elements. The dissipation
coefficients are ε1 = [0.01, 0.004, 0.002, 0.0008, 0.0004, 0.0002] for p = [3–8], re-
spectively, and ε1/5 as one fifth of these values. Results with matrix and scalar
(for central schemes), or matrix-matrix and scalar-matrix (for entropy-stable
schemes) volume dissipation are shown left/right, respectively.

(a) USE-LG with Drikakis–Tsangaris flux splitting [23].

K ε p = 3 p = 4 p = 5 p = 6 p = 7 p = 8

4 ε1 15.0 15.0 1.82 2.09 1.91 1.92

8 ε1 15.0 2.15 2.81 2.33 1.74 2.80

16 ε1 15.0 3.56 3.21 3.08 2.55 2.95

32 ε1 3.61 3.63 3.14 2.60 2.47 2.31

4 ε1/5 15.0 2.19 1.90 1.66 2.72 2.22

8 ε1/5 15.0 2.94 3.95 3.77 1.92 2.89

16 ε1/5 13.25 3.82 3.18 3.08 3.48 3.09

32 ε1/5 4.64 3.97 3.72 3.20 3.20 3.27

(b) Central with matrix/scalar conservative dissipation.

K ε p = 3 p = 4 p = 5 p = 6 p = 7 p = 8

4 0 2.23 2.43 1.01 1.13 2.04 1.65

8 0 2.58 1.09 1.64 1.70 1.54 2.07

16 0 2.13 1.97 2.14 2.32 2.44 2.90

32 0 2.05 3.17 2.99 3.11 3.15 3.19

4 ε1 15.0/15.0 2.06/1.76 0.96/1.06 1.03/1.23 2.13/1.68 2.42/2.44

8 ε1 2.15/2.03 1.10/2.39 3.96/2.86 3.08/1.81 1.64/1.76 2.11/2.11

16 ε1 3.89/3.17 3.85/2.60 3.07/3.39 3.57/3.54 3.24/3.21 3.35/3.58

32 ε1 4.23/2.01 3.93/3.99 3.53/3.57 3.50/3.05 3.23/3.11 3.21/3.15

4 ε1/5 2.49/15.0 2.16/2.21 0.98/1.08 1.08/1.46 2.10/2.08 1.85/2.66

8 ε1/5 2.55/2.44 1.12/1.38 1.65/2.75 1.71/1.93 1.62/1.73 2.10/3.06

16 ε1/5 3.66/3.33 1.92/2.53 2.14/3.92 2.30/3.67 3.10/3.65 2.98/3.38

32 ε1/5 2.04/4.36 3.61/3.72 3.19/3.56 3.11/3.49 3.14/3.18 3.19/3.15

(c) Entropy-stable with matrix-matrix/scalar-matrix entropy dissipation.

K ε p = 3 p = 4 p = 5 p = 6 p = 7 p = 8

4 0 8.84 2.40 2.16 3.03 2.76 1.86

8 0 2.38 2.71 4.03 2.00 2.32 2.09

16 0 2.85 3.61 3.48 3.08 3.20 3.03

32 0 3.52 3.57 3.14 3.12 3.15 3.23

4 ε1 15.0/15.0 15.0/15.0 15.0/15.0 15.0/15.0 15.0/15.0 2.77/7.62

8 ε1 15.0/15.0 15.0/15.0 15.0/15.0 4.49/15.0 15.0/10.97 2.56/3.64

16 ε1 15.0/15.0 15.0/15.0 15.0/10.70 4.62/3.80 4.91/4.19 3.84/3.92

32 ε1 15.0/15.0 15.0/5.41 15.0/4.78 4.88/4.69 4.67/4.52 3.74/3.63

4 ε1/5 15.0/15.0 15.0/15.0 2.42/15.0 2.70/15.0 15.0/15.0 3.90/15.0

8 ε1/5 15.0/15.0 15.0/15.0 4.22/15.0 4.21/4.02 3.69/4.07 3.87/3.99

16 ε1/5 15.0/15.0 15.0/15.0 4.09/4.14 4.36/15.0 5.89/4.15 4.20/4.11

32 ε1/5 15.0/15.0 3.91/15.0 5.08/15.0 4.73/5.18 4.08/5.84 4.89/5.04
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