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Abstract We analyze the stability and functional superconvergence of discretizations of diffusion
problems with the narrow-stencil second-derivative generalized summation-by-parts (SBP) operators
coupled with simultaneous approximation terms (SATSs). Provided that the primal and adjoint so-
lutions are sufficiently smooth and the SBP-SAT discretization is primal and adjoint consistent, we
show that linear functionals associated with the steady diffusion problem superconverge at a rate of
2p when a degree p+ 1 narrow-stencil or a degree p wide-stencil generalized SBP operator is used for
the spatial discretization. Sufficient conditions for stability of adjoint consistent discretizations with
the narrow-stencil generalized SBP operators are presented. The stability analysis assumes nullspace
consistency of the second-derivative operator and the invertibility of the matrix approximating the
first derivative at the element boundaries. The theoretical results are verified by numerical experi-
ments with the one-dimensional Poisson problem.
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1 Introduction

It has been observed in many cases that compared to wide-stencil' summation-by-parts (SBP) opera-
tors, explicitly formed narrow-stencil® second-derivative SBP operators provide smaller solution error,
superior solution convergence rates, compact stencil width, and better damping of high frequency
modes [30,31,27,12,13]. As with the wide-stencil operators, narrow-stencil second-derivative oper-
ators are coupled by simultaneous approximation terms (SATs) [6]. However, the SAT coefficients
derived for wide-stencil SBP operators must be modified for implementations with narrow-stencil
SBP operators to achieve stability and adjoint consistency simultaneously. Unfortunately, the analy-
sis required to find such SAT coefficients for narrow-stencil SBP operators is more involved, e.g., see
[13].

Hicken and Zingg [22] showed that adjoint consistent SBP-SAT discretizations of linear elliptic
partial differential equations (PDEs) lead to functional superconvergence (see also [5,24,20]). In
their study, they analyzed discretizations with wide-stencil second-derivative classical SBP (CSBP)
operators by posing second-order linear PDEs as a system of first-order equations and determined
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the conditions that the SATs must satisfy for adjoint consistency and functional superconvergence.
A similar analysis is conducted in [37] for multidimensional SBP operators, but without posing the
second-order linear PDEs as a system of first-order equations. The latter approach enables analysis
of functional accuracy of adjoint consistent discretizations of diffusion problems with narrow-stencil
SBP operators. While the stability of discretizations arising from narrow-stencil second-derivative
operators is well-studied (e.g., see [7,31,27,16,29,28]), it is only recently (see, e.g., [13,14]) that
conditions for which such discretizations satisfy both stability and adjoint consistency requirements
are presented. Eriksson [13], used the eigendecomposition technique to find the conditions on the
SAT coeflicients that enable construction of stable and adjoint consistent discretizations of diffusion
problems. In a subsequent paper [14], Eriksson and Nordstrom used a variant of the approach in
[13] to find a more general set of SAT coefficients. Although these SAT coefficients lead to adjoint
consistent and stable discretizations, the analysis in [14] assumes positive definiteness of a component
matrix of the discrete second derivative operator (i.e., My in (2.4)). However, this condition is not
satisfied by many narrow-stencil second-derivative operators in the literature, including those in
[30,29,27,12,28]. Furthermore, it is not straightforward how the theory extends to narrow-stencil
generalized SBP operators which have one or more of the following characteristics: exclusion of one
or both boundary nodes, non-repeating interior point operators, and non-uniform nodal distribution
[12]. For a discussion on generalized SBP operators and a comparison of some of their properties with
corresponding properties of classical SBP operators, we refer the reader to [10,12].

The first objective of this paper is to establish the conditions required for the stability of adjoint
consistent SBP-SAT discretizations of diffusion problems with the generalized narrow-stencil second-
derivative SBP operators. We use the “borrowing trick”[7] in the energy stability analysis which
directly applies to the diagonal- and block-norm?® narrow-stencil second-derivative SBP operators in
[30,29,27,28] and to the generalized SBP operators of Del Rey Ferndndez and Zingg [12] upon minor
modifications of the derivative operators at element boundaries. The second objective is to show that
primal and adjoint consistent discretizations lead to functional convergence rates of 2p when a degree
p + 1 narrow-stencil or a degree p wide-stencil diagonal-norm second-derivative generalized SBP
operator is used to discretize steady diffusion problems for which the primal and adjoint solutions are
sufficiently smooth. We also show that the functional converges at a rate of 2p irrespective of whether
or not the scheme is adjoint consistent when a degree 2p — 1 dense-norm wide- or narrow-stencil
second-derivative SBP operator is used to discretize the spatial derivatives. Finally, we specialize
the generalized form of the SATSs given in [38,37] for one-dimensional implementation and provide
penalty coefficients corresponding to a few known types of SAT such that they lead to consistent,
adjoint consistent, conservative, and stable discretizations when coupled with the narrow-stencil
second-derivative generalized SBP operators.

The paper is organized as follows. Section 2 presents the notation and some important definitions.
In Section 3, we state the model problem and its SBP-SAT discretization. The main theoretical results
that establish the functional superconvergence and energy stability of the SBP-SAT discretizations
are presented in Section 4. The theoretical results are verified using the steady version of the model
problem, the Poisson equation, in Section 5 and concluding remarks are presented in Section 6.

2 Preliminaries

We closely follow the notation used in [12,10,38,37]. A one-dimensional compact domain is consid-
ered, and it is tessellated into ne non-overlapping elements, T, = {{2x}7c; : 2 = Uy 2 }. The
boundaries of each element will be referred to as interfaces, and we denote their union by I, = 9£2.
The set of all interior interfaces is denoted by ri .= {I'nNIy:kwv=1,...,nek # v}, while the
element interfaces for which Dirichlet and Neumann boundary conditions are enforced are in the sets
I'P and 'V, respectively, and I" := I'' U TP U T'N. Operators associated with the left and right
interfaces of {2 bear the subscripts £ and r, respectively, and the left and right most elements are in-
dicated by the subscripts L and R, respectively, e.g., Dy, is a derivative operator at the left interface
of the left most element. The set of n, volume nodes in element (2 is represented by x) = {z;},%,.
Uppercase script type, e.g., U € C*°(§2;), is used for continuous functions, and PP(£2) denotes the
space of polynomials up to total degree p, which has a cardinality of n; = p + 1. Bold letters, e.g.,
ur € R™?, delineate the restriction of Uy to grid points xj, while solution vectors to the discrete
systems of equations have subscript h, e.g., up,i € R"?. For the purpose of the functional convergence
analysis in Section 4.3, we define h := maxg pea, |a—b| as the size of an element. Matrices are denoted
by sans-serif uppercase letters, e.g., V. € R™*"r; 1 denotes a vector consisting of all ones, 0 denotes
a vector or matrix consisting of all zeros. The sizes of 1 and 0 should be clear from context.

3 Also referred to as full-norm matrix.
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Definitions of the first- and second-derivative SBP operators presented in [12] are stated below.
For the construction of narrow-stencil second-derivative SBP operators, we refer the reader to [10,

12,27,28). Dpp = £z Dpp = 22

Definition 2.1 (Generalized first-derivative SBP operator) The matrix Dy € R™*"™ is a
degree p SBP operator approximating the first derivative % on the set of nodes xj, which need
neither be uniform nor include nodes on the boundaries and may have nodes outside the domain of
element (2, if [12]

1. Dpp = 22 for all P € PP(£2,)

2. Dg = H;le, where Hy, is a symmetric positive definite (SPD) matrix, and

3. Qr =Sk + %Ek, where S, = =S}, Ex = E}, and E}, satisfies p? Exq = > rer [Ply[Qlynyk for all
P,Q € P7({2), where 7 > p, and n,; = 1 if 7 is the right interface of 24, otherwise n,, = —1.

The norm matrix, Hx, may be diagonal or dense. A dense-norm matrix refers to any norm matrix
that is not diagonal, which includes the block-norm matrix. The block-norm matrix has diagonal
entries at the interior points (containing h) and dense blocks at the top-left and bottom-right corners
corresponding to the boundary nodes. The L? inner product of two functions P and Q is approximated
by [23,10,21,11]

p"Hug= [ PQdn+ o(iﬂp),
2
and Hj, defines the norm
uTHw = |ul? = [ u?de+ o(h2p).
2
The Ej matrix is constructed as [10,11]

Er = Z nykRIkRyk = RERy1 — RikRex, (2.1)
yCIy
where R, is an extrapolation row vector of at least order h™T1 accuracy, i.e., Ryrur = [Ui]y +

O(hZT'H). Furthermore, we define an operator that extrapolates the product of the diffusion coeffi-
cient and the derivative of the solution from volume nodes to an interface as

D'yk = n'ykR'ykAka,k- (2.2)

Definition 2.2 (Order-matched narrow-stencil second-derivative generalized SBP op-
erator) The narrow-stencil second-derivative operator D,(f)(/l) of degree p + 1, approximating

8%()‘k 8311’“), is order-matched with the first-derivative operator Dy = H,;le of degree p on the
nodal set xy, if [12]

0 oP
D> (A)pr = a—w(xka—;), V (APr) € PP (2), (2.3)
and D,(f) (A) is of the form
Di?(A) = H ' [~Mg + ExAxDy ], (2.4)

where My, = 7" Ax(i,i)M;, M; are symmetric positive semidefinite matrices,
Ak = diag()\k (.1‘1), >\k (.1‘2), ceey /\k(mnp))7
and Dy, is an approximation to the first derivative of degree and order > p + 1.

The order-matched SBP operators in Definition 2.2 are assumed to have a diagonal-norm matrix.
Note that for the m'" derivative, the degree and order are related by order = degree — m + 1;
consequently, both the diagonal-norm narrow-stencil D,(f)(/l) and Dy operators are order p accurate,
while a diagonal-norm wide-stencil second-derivative operator, which has the decomposition

Dy AxDy, = H;, '[~Df Hy A Dy, + ExAxDy], (2.5)

is order p — 1 accurate [12]. Similar to the diagonal-norm SBP operators, block-norm SBP operators
have an order 2p centered-difference interior operator. At the boundaries, however, the block-norm
wide- and narrow-stencil second-derivative operators are closed with order 2p — 2 one-sided stencils,
unlike the order p — 1 and p one-sided stencils used with the diagonal-norm wide- and narrow-stencil
SBP operators, respectively. Furthermore, the D; ; matrix of a block-norm operator contains order
2p — 1 approximations of the first derivative at rows corresponding to the boundary nodes (see, e.g.,
[28,30] for definition and discussion regarding the block-norm SBP operators).
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Remark 2.1 In this work, we do not assume that My, is necessarily symmetric positive semidefinite;
rather we assume that My + ML is symmetric positive semidefinite, which allows the analysis to
be extended to a more general class of explicitly formed second-derivative operators, including the
block-norm SBP operators in [28,30], which do not have symmetric My matrix.

Another decomposition of second-derivative SBP operators, which is instrumental for the adjoint
consistency and functional superconvergence analyses in Section 4, is presented below.

Proposition 2.1 A second-derivative operator of the form (2.4), for which My is not necessarily
symmetric, can be written as

T
D (4) = ;" (D(4)) " Hx — Hi'DIkRok — Hi ' DRey

(2.6)
+ Hy "Rk + Hy 'REDa — H ' (Me — M7
Proof The proof is given in Appendix A.
3 Model Problem and SBP-SAT Discretization
We consider the one-dimensional diffusion problem
ou 0 ou
— — = (A 0, tt=
o 8m(8x> F Vz e U=U a 0,
U|lrp =Up, (3.1)

:Z/{Na

n 81/[

K 895 N
where F € L%(2), A = A(x) is a positive diffusivity coefficient, and I'" is not empty. For functional
error analysis and numerical experiment purposes, we consider the steady version of (3.1), the Poisson
problem. We also consider a compatible linear functional of the form

Z(u)z/ggum—wp {Ag—znv} + YNU|p~, (3.2)
b

where G € L*(2), ¥n = ny(A\22) € L*(I'N), and ¢p € L?(I'P). A linear functional is compatible
with the steady version of (3.1) if [18]

19}
/’l/) ( >d.Q-|—Z/{ { azﬁnw}FD—Z/{mmpN

31/) U (3.3)
/ us ( s )dmw { ax”VLD — |,
i.e.,
oy
ITU)=I@)= YFd2 —Up | A5—ny + UNY| . (3.4)
2 Oz b
Under the compatibility condition on the functional, the adjoint, 1, satisfies the PDE (see, e.g., [22,
38,18])
\ oY \ oY
0, p = = . .
5 (355) =0 wee viro=vo. n (AGE)| (35)
The SBP-SAT semi-discretization of the diffusion problem, (3.1), is given by
du _ _
# = D (A)unp + fr — Hy sk (un,) — H 'sE (W up, un) = R, (3.6)

where fj, is the restriction of F to the volume nodes in £2; and the interface SATs, sf., and boundary
SATs, skB , given in [38,37] are specialized for one-dimensional implementation as

T(l) T(3)
?2> T?4)

si(’uh’k)z Z [R D ]

I
yCIy,

Ryktn,k — Ryvun,o (3.7)
Dyrtn, i + Dyvun,o
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and

B 7 or 1| TS
sk (wnk,up,un) = ¢ [RI; DI, ] Zli

(Ryktn,x — uD)}
yCrp (3.8)

+ {R?;k (Dyrun,k — UN)}'VCFN .

The SAT coefficients T(Wlk),Tffk),TEf’,g,TSlk) ,T(ﬁj) € R are determined such that the scheme satisfies
desired properties such as conservation, adjoint consistency, and energy stability. For implementations
with wide-stencil operators, we replace D,(f)(/l) by DxAxDy in (3.6) and Dy i by Dy in (2.2).

Substituting the restriction of a sufficiently smooth solution to grid points, ug, into (3.6) to (3.8),
we see that the right-hand side (RHS) of (3.6) yields a discretization error of O(h?) when an order-
matched narrow-stencil second-derivative SBP operator is used; hence, the discretization of the primal
problem is consistent. In contrast, for diagonal-norm wide-stencil SBP operators, the discretization
error is O(h?~!) while for block-norm second-derivative SBP operators, it is O(h**~2).

4 Theoretical Results

In this section, we present the two main results of this paper. After establishing the conditions re-
quired for adjoint consistency and conservation, we show that primal and adjoint consistent SBP-SAT
discretizations of the Poisson problem with the diagonal-norm narrow-stencil second-derivative oper-
ators lead to functional superconvergence. To achieve this goal, we closely follow the technique used
to show functional superconvergence in [37]. Then, we use the energy method to find sufficient con-
ditions that the SATs must satisfy for the stability of discretizations with narrow-stencil generalized
SBP operators before stating a few concrete examples of such SATs.

4.1 Adjoint Consistency

Adjoint consistency requires that the discrete adjoint problem,

> (Lhk@n) —gk) =0, (4.1)

02,ETh
where Ly, ;. is the discrete adjoint operator, corresponding to the steady version of the primal problem

(3.6) satisfies

i L5,k (Y1) = gil[y, =0 (4.2)
2r€Th

To find the discrete adjoint operator, we begin by discretizing the two forms of the functional,
(3.2) and (3.4), as

Iy, (up) = Z gnguh,k —¢YpDerun, i + YNRrrUR R

=

+¥pTy) (Revtn,L — up), (4.3)
In (Yn) = Z FEHRYn 1, — upDerpn 1 + unRerYn R

=

+ “DTEIL)) (Rer¥n,L —¥p), (4.4)

where we have assumed that the Dirichlet and Neumann boundary conditions are enforced on the left
and right boundaries, respectively. The last terms in (4.3) and (4.4) arise from consistent modifications
of the functional, see [18,22,20,38,37]. Note that in cases where a Dirichlet boundary condition
is enforced on both boundaries, we apply the Dirichlet SATs given in (3.8) on both boundaries
and modify the discrete functionals, (4.3) and (4.4), by replacing the Neumann boundary terms by
Dirichlet right boundary terms similar to those given for the left boundary. The theory developed
holds for such cases without significant modification.

To derive the conditions required for adjoint consistency, we set I (up) — In(¢n) = 0, which is a
discrete analogue of the relation Z(U)—Z (1) = 0. Adding -, . ¥ Hi R k+1n (Yn)—1In () = 0
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to the RHS of (4.3) and rearranging we find

Ip, (up) = Z gi Hiun x — ¥pDerun.r, + YnRypun R
2,CTh

+ wDngf) (Revun,r —up) +upDertn,r, — unRrrYn,r

+ Z [wikaDf)(A)uh,k — i kst (ung) — wg,kskB(Uh,kqu,uN)}
2,CTh

—up T2 (Repbn.r — ¥n) + In () .

(4.5)

Transposing (4.5), enforcing I (un) — In (1) = 0, applying identity (2.6), and simplifying, we obtain

Z up, 1 Hi (Dgf)(/lﬁﬁh,k + gk) +up g (Mk - M;‘:) ’dfh,k}

2,CTh
(1) (1) (2) (2)
Rowuni | Tw(kn _T(?)U T <J2r>1 ?JW Ryk®h.
_ Z Ryvtn v _Tfyk T5o _T’Yk T5w +1 Ryvtbn,v (4.6)
S Dyrun,k T(?;C) -1 TEY?L) T(?i) T%) Dykthn,k '
Dyottn,o LI SR CORN s ST

—up RELTéf) (Rertn.r. — ¥p) +up DI, (Rerbn.r — ¥p)

—u}, RRIR (Drrton 1k — ¥n) =0,

from which we extract the discrete adjoint operator on element ;. as

L (Yn) = —Dﬁf) (A — Hy (Mg, — ME)aby,

- * — * (47)
+H (80)" (Wnk) + Hy ' (88)" (8nk, Y0, ),
where the interface and boundary SAT's for the adjoint problem are given, respectively, by
Ryk®¥n k
1 1) (2 2 ’
(3£>* — Z [RTk DTk;] T(k) _TSY”) T'(yk:) + 1 _T'(yv) R’Yv"ybh,v (48)
Bt b G GRS KOS o5 I ORI
YCIy il vy D 1/]
yv¥h,v
* T(D)
(SkB) - {[Rzk DIk] | 7 | [Rys¥nk —¥p]
ycrp (4.9)
T
+ {Rvk (Dyk¥on,k — ¢N)}7CFN )
Furthermore, we define the residual of the SBP-SAT discretization of the adjoint problem as
. (2) -1 T
Ry =D +gr+H, (Mg —M
bt 5 Yhk+ gk e (Mg i )Vh.k (4.10)

—H (1) (k) — Hy L (sE) (% ,k, YD, ¥n) = 0,

Substituting the exact adjoint solution, 4, into (4.10) and provided that 4 is sufficiently smooth,
we observe that Ry is O(th_l), i.e., the discretization of the adjoint problem is consistent, if and
only if

T =T M, =ME. (4.11)

@ 4 _ _ T 3 _4__16 @) _ —(
L, TR +1=-10), TR -1=-1(), TR =1{

YUy

For discretizations with wide-stencil second-derivative operators, the last condition, My = Mg, is
satisfied by default.
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4.2 Conservation

For conservation, the homogeneous diffusion problem (3.1), i.e., F = 0, should satisfy Gauss’s theorem
discretely, i.e., ancTh 1Tdeuk/dt must depend only on the boundary terms. Premultiplying Ry, .,

defined in (3.6) by 17Hy, setting fr = 0, summing over all elements, and applying the decomposition

of D,(f)(/l) given in (2.4) yields

O B S S BV W B0

: O D e 1) Rk,
1TH R _ 1 _T'yv T’yv T'y'u T'yv -1 R'vvuh,v
Z kfth,u = = Z 0 T(2) T(2) T(4) T(4) D~
2.CTh ~yCrt 0 "/(162) - (;/)k 2;{6) ?4]6) D’quh’k
—Tyy Tyy Trv Tyy yvith,v
T D
1 TS —1 R —
- lTMkuh,k_{{O} [ 10 } { WDUk UD}} +un,
- yEUE
2. CTh ’YCFD

which reduces to a sum of boundary terms only,

Z ]_THthm = {D'ykuk — T’[‘/) (Rvkuk — uD)} +un,
2. CTh el

as required for conservation of the discretization if

T 1O

G =T, T —1=-T 1"M, =o.

YU

(4.12)

(4.13)

(4.14)

Comparing (4.14) and (4.11) and noting that M1l = 0, we see that adjoint consistency implies

conservation, as noted in [2,19,37].

4.3 Functional Superconvergence

Without loss of generality, we assume that the domain is tessellated using two elements, 2;, and 2r.
In the subsequent analysis, we will use the vectors w, upn, ¥, ¥n, f, g, E(ur), F(b) € R*™ given

by
_ |UhA,L _ Yn.L fus
el o o[
_ YL £ B
1ZJ_["/’PJ’ f_{fR]’ g—{gR},
E (up) = (R%}’Tgf) - D{L) (Rerun,n —up)
RZ—‘R (DTR'U/h,R — uN) ’

F () =

(R,{LTgf) - D{L) (Rertpn,r — wm}
Rir (Drr¥n,r — ¥N)
and the matrices A, B, H,D®), M € R?"»*2" with block entries

All — _R’I‘L_ T T7("1L) TE'-SL)_ _R’I‘L ]Bll _ _RTL_ 1 Tg\lL) T’E‘ZL) + ]__ _R’I‘L
_D'rL_ TgQL) T,E‘i) _D'rL _DTL_ TS?B -1 TE‘? _DTL )
p =[BT [T TR) [Ren) gy~ [Ree]™ [ T TR 1] [Rem
_D'I'L_ T’E‘QL) TE‘? L DKR ’ _D'I‘L_ Tff? -1 T.E-? I D@R )
Aoy = [Rer]” [ TER Ton _—RTL} By, — Rer]” | TH T 41 _—RTL}
_DZR_ T§2R) Tég L DT‘L _DgR_ Té?}}) -1 Tég I DT‘L
Ago = Rer| ’ TE%) Tg’g -RER} Bog = Rer| ' Tég Tg%) +1 -RZR:|
_DZR_ T§2R) Tég _DZR ’ _DgR_ Tg}) -1 Té‘g _DZR )

DP(4) 2
D (A)

Hr D® —

)

]
My — ME

MR_ME].

(4.15)

(4.16)
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Note that for adjoint consistent schemes, it can be shown, using (4.11), that
A?g = B21, and Ang = B1o. (4.18)

The discrete residuals corresponding to the steady version of (3.1) and the adjoint problem (3.5) can
now be written, respectively, as

Ri(up) = —DPuy, — f + H "Aup + H'E (up) =0, (4.19)
Rip (¥n) = —DPpy, — g+ H "By, + H 'F (¢by,) — H 'Mapy, = 0. (4.20)

Before stating the main result, we present an assumption regarding the primal and adjoint solution
accuracy.

Assumption 1 We assume that unique numerical solutions for the steady version of the discrete pri-
mal equation (3.6) and the discrete adjoint problem (4.10) exist, and these solutions are at least order
hPTL accurate in the mazimum norm, i.e., |u — up| = O(h=PTY) and |1 — n ||, = O(R=PT).
Assumption 1 is not necessary if pointwise stability of the SBP-SAT discretization for the diffusion
problem can be demonstrated, see [17,35,36,20,22,9]. Numerical experiments with adjoint consistent
discretizations show primal and adjoint solution convergence rates of p+ 1 when a degree p diagonal-
norm wide-stencil second-derivative SBP operator is used. In contrast, primal and adjoint solution
convergence rates of p + 2 are observed when a degree p + 1 order-matched narrow-stencil second-
derivative SBP operator is used with adjoint consistent SATs. The block-norm wide- and narrow-
stencil second-derivative operators, on the other hand, exhibit primal solution convergence rates of
2p.

We present the order of accuracy of the discrete functional approximating Z(U) = Z(¢) in the
following theorem.
Theorem 4.1 Let the primal solution of the steady version of (3.1) and the adjoint solution of (3.5)
be U, € C*PT2(12), respectively, the variable coefficient in (3.1) and (3.5) be X € C**T1 (), and
the source terms in (3.1) and (3.5) be F,G € C*(82), respectively. If up,pn € R™"™ are solutions
to consistent discretizations of the steady version of (3.1) and (3.5), respectively, and Assumption 1

holds, then the discrete functionals (4.3) and (4.4) are order h*" accurate approzimations to the
compatible linear functional Z(U) = Z() given by (3.2) and (3.4), i.e.,

TU) — In(up) = o(;ﬁp), (4.21)

() - In(n) = O(h). (4.22)
Proof The proof can be found in Appendix B.

Remark 4.1 For implementations with the block-norm wide- or narrow-stencil second-derivative SBP
operators of the type presented in [28], the estimate in (4.21) is attained even for adjoint inconsistent
schemes. Note that for these types of operator, we have ||up,r — ur|| = O(h*) in (B.6). The block-
norm narrow-stencil operators have My, # M ; hence, they lead to adjoint inconsistent schemes even
when coupled with adjoint consistent SATSs.

4.4 Stability Analysis

We use the energy method to analyze the stability of the SBP-SAT discretization of (3.1). The
residual of the discretization for the homogeneous version of the problem, i.e., F = 0, Up = 0, and
Un = 0, summed over all elements can be written as

T (D)
R kUL T —1 R LUK K
Ry(up,v) = — UTMkUh,k — { g } vk { T ]
( ) kae:Th * v;D Dﬂ{kvk —-1.0 D’qu}hk
(1) 1) +3) (3)
R’ykvk T T’Y(kl) _-I(—iy)k T'yk(:; 1 (:I;)'yk kauh,k (4.23)

_ Z vav 7T;v T’YUQ TA/Z T’YU 4* 1 Rwuh,v

H Dyx v T(k) —T(k) T(Zk) T(Zk) Dyxun,k

Dyovo | | 7@ 7@ 1 1) | [Dyotns

for v € R™"». In [38,37], a factorization of My for wide-stencil operators allowed the use of the
borrowing trick and enabled Ry, (up, v) to be written in terms of interface contributions only. However,
the same factorization cannot be applied for narrow-stencil operators because D, is constructed using
a modified derivative operator at the element boundaries, Dy, instead of Dy. To circumvent this,
we make the following assumption.
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Assumption 2 The Dy, matriz is invertible or can be modified such that it is invertible.

The invertibility requirement on Dy 1, is not too restrictive. In fact, all the narrow-stencil second-
derivative operators in [30,29,27,28] either have invertible Dj j matrix or their Dy ; matrix can be
modified such that it is invertible. For operators that include nodes at element boundaries, the only
requirement for Dy, to be invertible is that its interior diagonal entries are nonzero, e.g., Dy 1 can
be constructed from the identity matrix by modifying the first and last rows such that these rows
approximate the first derivative to degree > p 4 1. The invertibility of Dj j matrix constructed in
this manner can be verified using Gershgorin’s theorem. Note that all the eigenvalues of Dy i are
nonzero as all other entries of either the row or column corresponding to each diagonal element is
zero. For generalized narrow-stencil second-derivative operators with nodes at element boundaries,
e.g., the hybrid Gauss-trapezoidal-Lobatto (HGTL) operators in [12], a similar modification can be
applied to obtain an invertible Dy, matrix. In contrast, all except the degree two hybrid Gauss-
trapezoidal (HGT) operators in [12], which do not include boundary nodes, do not yield an invertible
Dy, matrix even after applying the modification discussed. However, it is likely possible to construct
HGT operators such that Dy is invertible by enforcing a condition on the free variables during the
construction of the operators. The structures of the invertible Dy, matrices of the degree two CSBP
and HGT operators are,

[x X x X ] [X X X X X 1
1 X X X X X
1 X X X X X
X X X X X
1
b y
1
X X X X X
1 X X X X X
1 X X X X X
L X X X X | L X X X X X |

respectively, where each row containing X in its entries approximate the first derivative.

Another important assumption that is required in the subsequent energy stability analysis for

adjoint consistent discretizations with narrow-stencil second-derivative operators is presented below.
Assumption 3 The first and second-derivative SBP operators, Dy, and DS), are nullspace consistent,
i.e., the nonzero vectors in the nullspace of Dy, and D,(f) are N'(Dy) = span{1} = v and N(D;f)) =
span{l, xy}, respectively.
It should be noted that consistency of an SBP operator does not necessarily imply nullspace consis-
tency and vice versa. The operators defined in Definitions 2.1 and 2.2 are consistent because they
satisfy the accuracy conditions, i.e., they differentiate polynomials up to a required degree exactly
[36]. In contrast, nullspace consistency requires that the nullspaces of Dy and Df)(/l) exclusively
contain vectors in span{1} and span{1, xx}, respectively. SBP derivative operators are consistent by
construction, and most of them are nullspace consistent as well [36].

Using Assumption 2 and enforcing the conditions necessary for conservation, (4.14), we can now
write the sum of the residual and its transpose as

2Rp (wn, un) = Ry (wn, un) + R (wn, up) =

[Rykun,k T 2T—(ylk:) _QTsflk) 0kCyk —0vChu | [Rypunk
_ Z R'yvuh,v 72T(1k) 2T»(71v) 7O'kcvk; UUCW R'yvuh,v
~crt Db’kuh’k O.kc'yk —Ukczk akak 0 Db,kuh,k
| Db,vUn,v —UUC% GUCT,,, 0 Oy Vo Dp,vtn v (4.24)
- T o) o7 '
o e [ e
~Cri -D'Yvuh,v 2T7k 2T, Dryvtip,o
Z |:R7kuh,k:|T QTEYI;:) —2Ck |:R7kuh,k:|
s Do rwnk] | —2CY, ayuVi| [Dortnk

where Cop, = n91Ryk Ak, Cyo = n90Ryw Ay, op = T +TH — 1,0y = TR +TH 1, app is a

positive interface weight factor satisfying the relation Zw er, @k =1, and

Vi =Dyt (My, +M{)D; 1, Vy=Dj s (My +M])D; L. (4.25)
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We note that V}, is positive semidefinite since v” (My, + M{)v > 0 for all v € R™ implies
(Dy.xv)" (Mg, + My )(Dy o) > 0. (4.26)

Moreover, we have
-1
Dy,kve = vo, or Dy jvo=ve, (4.27)

where vo represents vectors containing zero at the entries corresponding to the rows for which Dy x
contains consistent approximations of the first derivative and the values of v. at all other entries.

For diagonal-norm narrow-stencil SBP operators that are constructed as in [30,29,27,12,28], we
can determine the vectors in the nullspace of Vi using Assumptions 2 and 3.

Lemma 4.1 Consider a consistent diagonal-norm narrow-stencil second-derivative SBP operator of
the form (2.4) for which My, = M;{, the Ex matriz is constructed such that it has nonzero rows only
at row indices where the Dy j, matriz contains consistent approximations of the first derivative, the

D,(f)(/l) matriz has larger dense blocks at the top left and bottom right corners than the Ex matriz,
and Assumptions 2 and 3 hold. Then, we have N'(My) = ve and N (Vi) = N(Vy) = vo.

Proof The proof is given in Appendix C.

In [14], the stability conditions that the SATs must satisfy were derived for diagonal-norm narrow-
stencil SBP operators assuming that My, is SPD; however, most operators in the literature, e.g., [30,
29,27,12,28], do not satisfy this requirement. For dense-norm narrow-stencil second-derivative SBP
operators, we make the following assumption regarding the nullspaces of My and M-

Assumption 4 For dense-norm narrow-stencil SBP operators, v. is the only nontrivial vector in
the nullspaces of My and ML, i.e., N(My,) = N(M}) = v..

Under Assumption 4, (C.5) gives N (Vi) = N (Vy) = vo for dense-norm narrow-stencil SBP operators.
Before proceeding with the energy analysis of the SBP-SAT discretization, we state an essential
theorem, which is proved in [1,15].

Theorem 4.2 A symmetric matriz of the form Y = [zi z;ﬂ is positive semidefinite if and only if

Yoo =0, (I—Ya2Y)Y{a =0, and Yii —Yi2YHY(s >0, (4.28)
where YT denotes the Moore-Penrose pseudoinverse of Y and Y > 0 indicates that Y is positive
semidefinite.

An SBP-SAT discretization is energy stable if

d 2 o duy  duf

° — uTHEYR | CUR
i (lenlly) = wi WG + <

The sum of the residual and its transpose for conservative schemes, 2R (up,ur), given in (4.24)

satisfies the energy stability condition if

Huh = 2Rh (uh,uh) S 0. (4.29)

2T,(Ylk) —2T,(ylk) O'kcfyk —O'UCA,U

A |:A11 A12} _ —2T(1k) ZT%) —0,Cyk 00Cqu ’
A21 A2z O'kc,yk —(ch,j;k Oé,ykvk 0
—O’UC?;U UUCZ;U 0 0y Vo (4.30)

2T —2C.,

2T 21
, and e
72C’yk Ocrkak

k k
QTg‘Q 2T§4)

are positive semidefinite. We partition the matrix A € R(22np)x(2+2n) using four blocks, namely
A € R¥*?) Arp € RP?™, Ay € R?*X2, and Agp € R*" 727,

For adjoint consistent SATs, we enforce all the conditions in (4.11). Furthermore, we require that
T(jc) — Tsfk) = 1, as in [38], which is a condition satisfied by the SATs corresponding to some of
the popular discontinuous Galerkin fluxes for elliptic PDEs [37], e.g., the modified method of Bassi
and Rebay (BR2) [3], local discontinuous Galerkin (LDG) [34], and compact discontinuous Galerkin
(CDG) [32] methods. With this condition in place, the components of the A matrix for adjoint
consistent schemes become

ety oty 2t —2tRC,,
A= Q) o) | Az=1 ot®c, 21®c,, |7
T4k v 7 e v =yv
oTDcT, _oT® T Vi 0 3y
Az vk =7k vk =k ’ Ags = |:Oéfyk k :|
-2, 21T, 0 aywVe
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Theorem 4.3 Let Assumptions 2 to 4 hold, then an adjoint consistent SBP-SAT discretization of
the diffusion problem with coefficients satisfying T,(Yg;g - Tfk) = 1, and uses a narrow-stencil second-

derivative operator of the form (2.4) for the spatial discretization is energy stable if

2

2
T > TR AV ART T + TR AV AR T, (4.32)
(e 2% Ay
2
T > - Ryp Vi AuRY, (4.33)
Qyk
T > 0. (4.34)

Proof The proof is given in Appendix D.

Remark 4.2 In practice, the pseudoinverse VkJr for a given SBP operator is computed once and for all
on the reference element. It is then scaled by the inverse of the metric Jacobian when the operator is
mapped to the physical elements. In Table 1 of [13], equivalent values of 2RV, Rzk, denoted by g and
scaled by the mesh spacing, are tabulated for the constant-coefficient diagonal-norm narrow-stencil
SBP operators presented in [30]. The scaling used can be written as h = 1/[(nenp — 1) — (ne — 1)],

and 2V',: = (D;ngD;’i)+ for operators with My = Mz is computed as Db,k(l\N/lk)_ngJ€7 where My,
is obtained by perturbing My such that the corner values of Db7k(l\~/| k)_ngjk are independent of the
perturbation. The difference in the values of gh and 2hR,ka; Rfk lies in the approaches pursued to
evaluate 2Vk+.

Remark 4.3 For stability of discretizations with wide-stencil second-derivative operators, the terms
VZ‘ and V7 in Theorem 4.3 are replaced by (He A + Ay Hk)_1 and (H, Ay + AUHU)_I, respectively.

4.5 Interface SATs

In this section, we present a few concrete examples of SATs for diffusion problems. The type of SAT
used in the discretization affects several numerical properties such as accuracy, stability, conditioning,
symmetry, and sparsity. However, we do not analyze many of these properties; rather we limit our
focus to aspects of solution and functional convergence. With this in mind, we introduce four SATs,
of which two are stable and adjoint consistent while the other two are stable but adjoint inconsistent
when implemented with narrow-stencil SBP operators. A more comprehensive analysis of SATs for
diffusion problems is presented in [37], and additional types of SAT that are not studied in this work
can be found therein.

4.5.1 BR2 SAT: The modified method of Bassi and Rebay

A stabilized version of the BR2 method [3] for implementation with the narrow-stencil second-
derivative SBP operators can be obtained by choosing

o~ 1 + 4 pT 1 + 1 RT
T’Y = T’(YU) = mekAka AkR'yk + mR'yvAvVv AUR’yva
1

2) 2 3 3
T =TR=TR =T =5 (4.35)

~k T ~yk T
D 2 T T
T = a—wakAka AxRY,

@) _ 5@ _
T =T =0.
The general form of the BR2 SAT was first proposed in [38] by discretizing the primal formulation
of the DG method using SBP operators. It is straightforward to show that the BR2 SAT coefficients
satisfy the adjoint consistency conditions in (4.11) and the stability requirements in Theorem 4.3.

4.5.2 LDG SAT: The local discontinuous Galerkin method

We determine the SAT coeflicients corresponding to the LDG method [34] by discretizing the primal
LDG formulation of the diffusion problem (see, e.g., [2,32] for the primal LDG formulation). Similar
analysis with the wide-stencil second-derivative SBP operators can be found in [8,16,5,37]. Stable
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LDG SAT coefficients (with no mesh dependent parameter for stabilization) for discretizations with
the narrow-stencil second-derivative SBP operators are given by

2
7R—yk/1kv-k’_/1kR3k7 - ng) = |$§J) =1,

Uk (4.36)
T 3 T 2 T 4 T 4

1) _ 1) _ (D) _
T =TR =T =

Clearly, the LDG SAT coefficients in (4.36) satisfy both the adjoint consistency conditions in (4.11)
and the stability demands in Theorem 4.3.

Remark 4.4 The LDG SAT coefficients presented in (4.36) are obtained by using a switch function
value of 1/2 and a global vector pointing to the positive z-axis. We refer the reader to [2,32,37] for
details regarding the switch function and to [33] for a discussion on the need to use a global vector.

Remark 4.5 In one space dimension the LDG and CDG fluxes are identical [32]; therefore, the SAT
coefficients presented in (4.36) define the CDG SAT as well.

4.5.8 BO SAT: The Baumann-Oden method

The SAT coefficients corresponding to the BO method [4] do not satisfy the adjoint consistency
conditions in (4.11); hence, the energy stability requirements in Theorem 4.3 do not apply. The BO
SAT coefficients for implementation with narrow-stencil second-derivative operators are given by

2 2 3 3 1 D 2 + T
Tgk) =70 = TE/k) =T8) = 5 T'(yk) = = Ry AgVi AxRY,
Yk (4.37)
1 1 4 4
T T =T =T <0

Except for the conditions on T(ﬁ)’ the stability conditions for the narrow- and wide-stencil SBP op-
erators are the same when the BO SAT is used. Stability analysis for discretizations with wide-stencil
SBP operators and the BO SAT can be found in [8,16,37]. Note that for the BO SAT coefficients in
(4.37), we have Tglk) = TSYIU) = o) = 0y = 0 in the matrix A given in (4.30), and thus A is positive
semidefinite. The stability analyses for the second and third matrices in (4.30) remain the same as
those presented in the proof of Theorem 4.3. The BO SAT satisfies the conditions for conservation
(4.14); hence, it leads to a conservative and stable but not adjoint consistent scheme.

4.5.4 CNG SAT: The Carpenter-Nordstrém-Gottlieb method

A version of the CNG SAT (7] that leads to a stable discretization when implemented with narrow-
stencil second-derivative SBP operators has the SAT coefficients

T = 70) =

1 1
; Ry AV ARY, + erAvvjAv RT

YU
8ayk vy

2 2 4 4
T =T =18 =10 =0,
1 (4.38)

2 )

D 2 + T
T = o Rk ARV AR

3 3
T =78 =

Clearly, the coefficients in (4.38) satisfy all the conditions in (4.11) except the second one. Therefore,
the CNG SAT leads to conservative but adjoint inconsistent schemes. The stability analyses of the
second and third matrices in (4.30) are the same as those presented in the proof of Theorem 4.3.
The positive semidefiniteness of the matrix A in (4.30) requires all the conditions in (4.28) to be
satisfied. Substituting the CNG SAT coefficients in A, we see that A2 > 0, and it can be shown
that (1 — AggA;rQ) A21 = 0. Hence, it only remains to find conditions such that A11 — A12A5,A21 = 0,
which, after simplification, yields

1 -1 1 1
[_1 L ] ® {QTgl,g — (4@ kcvkv,jcik + mcwvjcﬁ,ﬂ > 0. (4.39)
Y v

The inequality in (4.39) is satisfied by the Tfyl) = T%lv) coefficient given in (4.38).
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5 Numerical Results

We consider the one-dimensional Poisson problem with Dirichlet and Neumann boundary conditions,

o°U .
—ﬁ:}" in 2=10,1], Ul

ou
_MD7 % - —Z/{N (51)

=0
We use the method of manufactured solution and let U = cos(30z) as in [13]; thus, F = 302 cos(30z).
We also consider a compatible linear functional given by

1
W) = / cos” (30x) df2 + %(1 — 30sin(30) — cos(30)) cos(30). (5.2)
0

Some of the operators mentioned in this paper are not designed to discretize variable-coefficient
problems. The choice of constant-coefficient problem (with A = 1) in (5.1) allows to compare
such operators with those designed to handle variable coefficients. We note that the construction
of variable-coefficient narrow-stencil SBP operators is more challenging than the construction of
constant-coefficient narrow-stencil operators (e.g., see [27,12]). Their implementation after construc-
tion, however, is not significantly more complicated. A discussion on efficient implementation of
variable-coefficient, narrow-stencil SBP operators can be found in [12].

We are interested in the convergence of the solution and functional errors under mesh refinement.
Figure 5.1 presents the solution convergence for discretizations with the diagonal-norm narrow-stencil
CSBP operators in [30] and the generalized SBP operators in [12] that have an invertible Dy j matrix
and satisfy the accuracy conditions, i.e., the p = {2,3} HGTL and p = 2 HGT operators. Note that the
degree four HGTL operator in [12] meets the accuracy requirements given in Definitions 2.1 and 2.2
to order h® only, while the degree three and four HGT operators have Dy, matrices that cannot be
modified as described in Section 4 to ensure their invertibility. The interface weight parameters in
the SAT coefficients are set as ay, = a4y = 1/2 in all cases.

The solution error is computed as

> (unk — wr)THe(un k — u).
21€Th

The convergence rates in Fig. 5.1 through Fig. 5.8 are calculated by fitting a line through the error
values on the mesh resolutions indicated by the short, thin lines, and “dof” stands for the number of
degrees of freedom in the spatial discretization. Figure 5.1 shows that a solution convergence rate of
p—+2 is attained when order-matched narrow-stencil operators are coupled with the adjoint consistent
SATSs, except with the degree one SBP operators. The adjoint inconsistent SATs, BO and CNG,
exhibit solution convergence rates of p + 2 with all the order-matched narrow-stencil SBP operators,
except the degree one and three CSBP operators which yield convergence rates of p + 1. This is
consistent with the results® presented in [12] but somewhat surprising since the well-known even-
odd convergence phenomenon (see e.g., [8,34,26]) that the BO method displays is not observed with
the narrow-stencil SBP operators. Numerical experiments in [37] show that the BO and CNG SATs
converge at rates of p+ 1 and p when implemented with odd and even degree multidimensional SBP
operators, respectively. Indeed, this even-odd convergence phenomenon is also observed when the BO
and CNG SATSs are implemented with the Legendre-Gauss-Lobatto (LGL) and Legendre-Gauss (LG)
wide-stencil SBP operators, as shown in Fig. 5.2. However, this trend does not hold consistently with
the wide-stencil CSBP and HGT operators, as convergence rates of p+4 1 are achieved with the p =4
operators, as depicted in Fig. 5.2d. Therefore, it appears that the even-odd convergence property of
the BO and CNG SATSs is dependent on the type of SBP operator used, and it is not observed with
the diagonal-norm narrow-stencil SBP operators consistently. Implementations of the diagonal-norm
wide-stencil SBP operators with the BR2 and LDG SATs lead to solution convergence rates of p+ 1,
as depicted in Fig. 5.3. Finally, Fig. 5.4 shows that the block-norm wide- and narrow-stencil SBP
operators presented in [28], denoted by CSBP2, achieve a solution convergence rate of 2p regardless
of the type of SAT used.

The functional error is calculated as |Ip(up) — Z(U)|. Figure 5.5 shows the functional conver-
gence rates resulting from discretizations with the order-matched narrow-stencil SBP operators. As
established in Theorem 4.1, the figure shows that the functional superconverges at a rate of 2p when
adjoint consistent SATs are used. The adjoint inconsistent SATs yield larger functional error values
and lower functional convergence rates when coupled with the degree three and four diagonal-norm

4 Although not presented here, we observe a solution convergence rate of p+ 2 with all the diagonal-norm narrow-
stencil CSBP operators presented in [12].
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Fig. 5.1 Solution convergence under mesh refinement. The values in parentheses are the convergence rates, and “N”
stands for narrow-stencil SBP operator. The short, thin lines indicate the mesh refinement levels used to compute
the convergence rates.

narrow-stencil SBP operators, but they attain lower error values and a convergence rate of 2p for
degree one and two operators. As can be seen from Fig. 5.6, when the adjoint inconsistent SATs are
used with the diagonal-norm wide-stencil SBP operators, convergence rates of 2p are not attained,
except for the p = 1 case, which, however, does not necessarily indicate superconvergence, as p + 1
and 2p are indistinguishable for this case. It is also evident from Figs. 5.5 and 5.6 that in most cases
the diagonal-norm narrow-stencil operators result in lower functional error and larger functional con-
vergence rates than the diagonal-norm wide-stencil operators when used with the adjoint inconsistent
SATs. Figure 5.7 shows that the adjoint consistent SATs lead to functional convergence rates of 2p
when used with the diagonal-norm wide-stencil SBP operators. Comparing the results depicted in
Figs. 5.5 and 5.7, we can conclude that diagonal-norm narrow-stencil SBP operators do not offer bet-
ter functional convergence rates than diagonal-norm wide-stencil SBP operators when coupled with
the adjoint consistent SAT's, which agrees with the theory. Similarly, the functional convergence rates
attained with the block-norm wide- and narrow-stencil SBP operators are comparable, as depicted
in Fig. 5.8. Furthermore, the functional convergence rate with the block-norm SBP operators is 2p
for adjoint consistent as well as adjoint inconsistent schemes, except for the degree three block-norm
wide-stencil SBP operator, which exhibits a 2p — 1 convergence rate when implemented with the BO
and CNG SATs. In most cases, the BO and CNG SATs yield lower functional error values than the
BR2 and LDG SATs when implemented with the block-norm narrow-stencil SBP operators. For the
p = 1 case, in particular, the BO and CNG SATSs converge at a rate of & 2.5. The superior func-
tional convergence rates observed with the BO and CNG SATSs are unexpected, especially given the
fact that the solution errors for all the SATs implemented with the block-norm narrow-stencil SBP
operators coincide, as depicted in Fig. 5.4. The lower functional error values of the BO and CNG
SATSs seem to be caused by error cancellation due to the oscillation around zero of the error in the
integrand of the volume integral term of the functional, although it remains unclear to the authors
as to why the BO and CNG SATs exhibit such a behavior when implemented with the block-norm
narrow-stencil SBP operators.
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Fig. 5.2 Solution convergence under mesh refinement with adjoint inconsistent SATs. The values in parentheses
are the convergence rates, and “W” stands for wide-stencil SBP operator. The short, thin lines indicate the mesh
refinement levels used to compute the convergence rates.

6 Conclusion

In this paper, we have shown that primal and adjoint consistent SBP-SAT discretizations of diffu-
sion problems with diagonal-norm second-derivative generalized SBP operators lead to functional
superconvergence if the primal and adjoint solutions are sufficiently smooth. For block-norm second-
derivative operators, however, the analysis and the numerical experiments show that adjoint incon-
sistency does not degrade the functional convergence rate provided that the boundary closure for
the second derivative operator and the matrix approximating the first derivative at the element
boundaries are at least order 2p — 2 and 2p — 1 accurate, respectively. We have also derived the
conditions required for the stability of adjoint consistent SBP-SAT discretizations with the narrow-
stencil second-derivative generalized SBP operators under the assumptions that the operators are
consistent and nullspace consistent. The stability analysis also requires that the derivative operator
at the element boundaries, Dy 1, be invertible. For most operators, Dy ;. is invertible or can easily be
modified to be invertible. For some operators, however, this is not the case, and it might be necessary
to enforce the invertibility of this matrix during the construction of the SBP operators to ensure that
SBP-SAT discretizations with these operators are stable and adjoint consistent in addition to the
other attractive numerical properties that narrow-stencil operators offer.

Four different types of stable SATs for narrow-stencil SBP operators, among which two are adjoint
consistent, are proposed and implemented in the numerical experiments. As predicted by the theory,
the numerical experiments show that functionals superconverge at a rate of 2p when a diagonal-norm
degree p + 1 narrow-stencil or degree p wide-stencil generalized SBP operator is used along with
adjoint consistent SATs. It is also observed that the adjoint consistent BR2 and LDG SATSs yield
solution convergence rates of p+1 and p+2 when implemented with diagonal-norm wide- and narrow-
stencil SBP operators, respectively. Implementations with the block-norm wide- and narrow-stencil
SBP operators show a solution and functional convergence rates of 2p regardless of the type of SAT
used. The even-odd convergence properties of the adjoint inconsistent BO and CNG SATSs are not
observed when these SATs are implemented with the diagonal- and block-norm narrow-stencil SBP
operators.



16 Z. Worku, D.W. Zingg

12 - CSBP-W BR2(2.00) —=-CSBP-W LDG (2.00) | ~E3+CSBP-W BR2 (3.10) A
-4 LGL-W BR2 (2.00) —+=LGL-W LDG (2.00) - /g 1079 oo HGTL-W BR2 (3.11) 7
1014 ©-LG-W BR2  (2.00) —-LG-W LDG (2. m/dr @~ HGT-W BR2 (3.07) 25
P-4 ’ =< LGL-W BR2 (3.03)
/4;’/ e & 1079 - 4--LGWBR2  (3.01)
&

solution error

1077 —=-CSBP-W LDG (3.10)

107 ——HGTL-W LDG (3.11)
7)
)
)

—&-HGT-W LDG

1077 (3
—+-LGL-W LDG  (3.03
(

107

A --4=-LG-W LDG  (3.00
107 T T T T T
0.001 0.010 0.100 0.001 0.010
1/dof 1/dof
(a) p=1 (b)p=2
10" 100
-3+ CSBP-W BR2 (1.13) ~E+ CSBP-W BR2 ( A
-2+ HGTL-W BR2 (4.05) e HGT-W BR2 (5.57 S0
1079 .©-HGT-W BR2 (4.01) 10-2- @ LGL-W BR2 Za
+<4~LGL-W BR2  (4.61) +<t+ LG-W BR2
-6--LG-W BR2  (3.99)

1073

1074

on error

10774 —=-CSBP-W LDG (4.13

)
——HGTL-W 10(.(4 05)
—e-HGT-W LDG (3.88)
)
)

& —=-CSBP-W LDG (5.4
1094 xd —+—HGT-W LDG (5.56

—«-LGL'W LDG (400 9
00

--¢--LG-W LDG  (4.00

—e-LGL-W LDG  (4.9¢

)
)
—<+-LG-W LDG ( )

. . ———y — ey
0.001 0.010 0.001 0.010
1/dof 1/dof

(c)p=3 (d)p=4
Fig. 5.3 Solution convergence under mesh refinement with adjoint consistent SATs. The values in parentheses

are the convergence rates, and “W” stands for wide-stencil SBP operator. The short, thin lines indicate the mesh
refinement levels used to compute the convergence rates.

While the SATs presented in this work ensure the consistency, conservation, adjoint consistency,
energy stability, and functional superconvergence of SBP-SAT discretizations with narrow-stencil
generalized SBP operators, optimization of the SAT coefficients to achieve improved numerical prop-
erties, e.g., better conditioning and spectral radius, may be pursued in the future. Extension of the
theoretical results to the Navier-Stokes equations is also left for future work.

A Proof of Proposition 2.1

The form of the second derivative we wish to prove, (2.6), corresponds to application of integration by parts twice.
Substituting (2.1) and (2.2) into (2.4), we have

D (4) = Hi ! [-My + ExAkDy k] = —Hy "My + Hi (R Ro — RERar ) Ak
—H, "My, + H 'R, D, + Hy 'RY, Doy,

. . —1(~(2) T
Adding and subtracting H (Dk (/1)) Hp, we get

D (A) = —H; "My + H ! (Df)(A))T Hy — H ! (D,@(A))T Hy
+H 'RE. Dy + Hy 'RE Do
=H;! (D,(P(A))T Hy, — H [—M{ + ngkA{E{]
+Hy'RL Dy + H RE, Doy — H My,
=H! (D,(f)(A))T Hy, — Hy 'DZ Ry, — Hy DS Ry

+H'RE Dy + H 'RG Dy — Hi (Mk - M{) i

which is the desired result.
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Fig. 5.4 Solution convergence under mesh refinement with block-norm wide-stencil (“W”) and narrow-stencil
(“N”) CSBP operators. The values in parentheses are the convergence rates. The short, thin lines indicate the mesh
refinement levels used to compute the convergence rates.

B Proof of Theorem 4.1

It is sufficient to show that the result holds for a domain tessellated by two elements, {27 and (2R, as the interface
SATSs considered couple immediate neighboring elements only. We let the Dirichlet and Neumann boundary condi-
tions be implemented at the left and right boundaries of the domain. The boundary terms in both forms of the func-
tional, (3.2) and (3.4), involve the products AOU /Ox and U /Dx. Using the continuity of ¢, U, and A, we can ap-
proximate (Y AOU/Ox) € C?PT1(Q2) and (U /Oz) € CZPT1(§2) at the boundary nodes by degree < 2p polynomials.
The integrands in the volume integrals of (3.2) and (3.4) are 2p times differentiable, i.e., (GU), (¥F) € ( C?P(£2). Since

integrals are approximated by quadratures of order h?P, replacing (GU), (F) € Czp( ) by (GU), (W F) € PP=1(12)
in the functionals introduces an error of order h2P. Therefore, we consider I, ()\81/{/(990) € PP(£2) to be at least
order hPT1 approximations of U and (AOU/Ox), respectively, and thus F e pr- 1(£2) due to the steady version of
the primal PDE, (3.1). Similarly, considering J, ()\51—/)\//8:0) € PP(2) to be at least order hP*1 approximations of 1

and (Ady/dx), respectively, gives G € PP~1(£2) due to the adjoint PDE, (3.5). For primal and adjoint consistent
discretizations, the numerical primal and adjoint solutions are order h2P*+1 accurate despite the polynomial approx-
imations; hence, it is sufficient to show that either (4.21) or (4.22) hold for the polynomial integrands instead of the
general continuous functions. Note that compatible functionals satisfy Z(U) = Z(v), and we enforced the condition
Iy (up) = Ip(¢p) to find the discrete adjoint problem; hence, Z(U) — I (up) = Z(3p) — I (¢p). For the rest of the
proof, we drop the tilde sign used to distinguish polynomials from the general continuous functions.

If U € PP(£2) and (AOU/Ox) € PP(S2), then we discretize (3.2) to find

I(U) =ujHrgr + gkHRUR — Ypwir + Ynurr + O (R°P), (B.1)
where wy, = [)\%Tbg]l—w[) and u,g = U|pn~. Subtracting (4.3) from (B.1) and rearranging, we have
IU) = Inup — giHr (un,r —ur) +¥p (Derun,r — wer)

~p T (Repun,p —uer) — ghHR (unr — ur) (B.2)
— 9N (Rrrun r — urr) + O (A?P).

Since U € PP({2), the Ry; and D, matrices are exact when applied to the restriction of U to the grid points, e.g.,
R-rur = u,r and Dypur, = wyr. Applying this property in (B.2) and simplifying we obtain

T(U) = In (un) — g B (un —w) — | YPTeL Rer = ¥0Der ] (4, ) + 0 (h27) (B.3)
YNRrR
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Fig. 5.5 Functional convergence under mesh refinement. The values in parentheses are the convergence rates,
and “N” stands for narrow-stencil SBP operator. The short, thin lines indicate the mesh refinement levels used to
compute the convergence rates.

Adding wTHRhYu (up) = 0 to the RHS of (B.3) and rearranging terms, we have

ZU) = In (up) — pTHDPu — pTHS + { —g" —yTHD@H !

+ypTAH™! — {¢DT$)RZL - ¢DD£L:| H-! B0
YNRrr
(D)
+ T {RZTLTM 5@%— DgLRZL:| H*I}H(uh —u)+ 0O (h?P).
rRZTR

Using the identity in (2.6) we can write

T[0T Ry, —RLD 0
_HD®H — _ (D® {rRer —RY;Der -1
HD™H (o) + [ 0 DT.R, g — RT:.D,p |

(B.5)
DT R,r —RT, D, 0 } 1 1
4|t R H-! 4+ MH™?,
[ 0 DERRZR - ReTRDZR
which, after substituting into (B.4) and simplifying, gives
T
TWU) = I, (up) —¢TH [D<2>u + f] + { S (D<2>>
(B.6)

+yTBTH ! + [F ()| TH! — "M TH! }H (up, —u) + O (h?P).

Since U € PP(£2), the second term on the RHS vanishes due to the primal PDE. The third term is O(h22P+1)
due to the consistency of the adjoint discretization, the fact that H is O(h), and Assumption 1. Therefore, Z (U) =
Iy (up) + O (hQP).

Alternatively, if we consider o) € PP(£2) and (A9 /dz) € PP(§2), we start by discretizing the second form of the
functional, (3.4),

Z(¢) = yiHLfL + WEHRFR — upzer, +untrr + O (h?P), (B.7)

where z,7;, = [Ag—fng] o and ¥,r = 9| p~ . Subtracting (4.4) from (B.7) and rearranging, we obtain

Z(W) = In(¥n) — FEHL (Yn,r — L) +up (Der¥n.r — 2e1)
- UDTgf) (Rer¥n,r —er) — FEHR (Yn,r — ¥R) (B.8)
—un (Reg¥n,r — ¥rr) + O (R?P) .



Stability and Functional Superconvergence of Narrow-Stencil SBP Discretizations 19

1075 - CSBP-W BO (2.00) —=-CSBP-W CNG (2.00) P " - csprw o
«a LOL-WBO - (200) —=LGL-W CNG (200) /1 -t HGTL-W BO

104 ~@-LG-WBO (200) —+-LG-WCNG  (200) O£/ ~©HGT-W BO
» 1071 =< LGL-W BO

-6--LG-W BO

10() -
1071y 10734

10724

functional error
functional error

, U I _@;:@‘-“»’@? —=-CSBP-W CNG (1.95)
107 s —+—HGTL-W CNG (1.95)
i ‘,@’ —o-HGT-W CNG  (2.04)
10+ o o —«-LGL-W CNG  (2.00)
o= --+=-LG-W CNG  (2.00)
(].(%Dl (l.(;l() [).1'(]0 0.[:01 (].(%1(]
1/dof 1/dof
(a)p=1 (b)p=2

-~ CSBP-W BO 10714

3.87)
-7 HGTL-W BO (4.08)
4.10)

t ~E}+ CSBP-W BO (3.56)
~©-HGT-W BO  (4.10

(400

(

10714 (3.
g HGT-W BO (4.93)
(:
3

. \ 10-34 @ LGL-W BO 39/)
1073+ =<l LGL-W BO  (4.00) -+ LG-W BO .96)
-6--LG-W BO  (4.00)

10-54 1077

1077 10-74

functional error
functional error

—=-CSBP-W CNG (3.86)
—*—HGTL-W CNG (3.95)

2 107
—e-HGT-W CNG (385

(

(3

1079
—=-CSBP-W CNG (3.61

(3.61)
) ——HGT-W CNG (4.92)
107114 —+-LGL-W CNG  (3.99) 10114 —e-LGL-W CNG (3.99)
--¢--LG-W CNG .99) —+-LG-W CNG ( r)g)
U,(;Ul 00Il() ‘ T ‘lJ‘,(:()l ‘ T ‘U‘YUILU
1/dof 1/dof
(c)p=3 (d)p=4

Fig. 5.6 Functional convergence under mesh refinement with adjoint inconsistent SATs. The values in parentheses
are the convergence rates, and “W” stands for wide-stencil SBP operator. The short, thin lines indicate the mesh
refinement levels used to compute the convergence rates. The convergence rates for the p = 3 HGTL and p = 4
HGT operators are calculated using the error values at the mesh levels indicated by the short, thin lines with a star
marker.

Using the accuracies of Ry and D, to approximate the boundary terms, adding uT]HIRhyd, (¥n) = 0, and simplifying
leads to

T() = I, () — [uT]HI]D)(Z)w + uT]HIg] + { — T — 4THD®H!

(D)
+’U,TIBH_1— |:U‘DTZL RZquDDZL:|H—1 (B.g)
uNRrR

(D)
tu {R TZLRRHb— DZLRU‘} H_I}H(wh — ) —uT Mgy, + O (h?P).

Using the identity (B.5) and simplifying, we find

Z() = In ()~ w B[P+ 9]+ { = 47— uT (D)7 4 uTaTH?

(B.10)
+[E@))TH ! —u"™MTH ! }H (Wn —p) — uTMypy, + O (h?P).
Noting that M + M7 = 0, we have
T(¥) = In () - wTH DDy + g| + { — T (D®) T ATH
(B.11)

@I E Y (- 9) — 0+ O (7).

The second and fourth terms on the RHS of (B.11) vanish due to the adjoint PDE and the adjoint consistency re-
quirement that M = 0, respectively. The third term is O(h22P*1) due to the consistency of the primal discretization,
the scaling of the norm matrix, and Assumption 1. Therefore, the estimates in (4.21) and (4.22) hold.
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Fig. 5.7 Functional convergence under mesh refinement with adjoint consistent SATs. The values in parentheses
are the convergence rates, and “W” stands for wide-stencil SBP operator. The short, thin lines indicate the mesh
refinement levels used to compute the convergence rates.

C Proof of Lemma 4.1

The nullspace consistency of the Dg) (A) in Assumption 3 implies the following:

Hle(f) (A)'vc = (_Mk + EkAka,k) Ve = —Mk'vc + EkAka,kvc — ()7 (Cl)
HkDgf)(A)wk = (7Mk =+ EkAka,k) xp = —Mpx) + EkAka,kmk =0. (CQ)

The second term in the last equality in (C.1) is zero due to the structure of the Ej matrix, i.e., ExAxDp v = 0;
thus, Mgv. = 0. Furthermore, Myxj, # 0 in (C.2) since otherwise we would obtain

H,D'? ()@, = ExAyDy i = R%.Dypay + R Doray = RGN — R A = 0, (C.3)

which is not possible as R, and Ry do not have nonzero values at the same entries, and A > 0. We have used the
accuracy of D, and Dy in the penultimate equality in (C.3), i.e., Djpxr = Ar and Dygxr = —Ay, where Ay and
A are at least order h?*+1 approximations of A at the left and right boundaries of {2, respectively. Hence, there is
no vector spanned by {1,z } other than v. that is in the nullspace of Mg. If there exists a nontrivial vector v such
that v ¢ span{1, xx} and Myv = 0, then

HkDI(CQ)(A)’U = EkAkayk’U 75 0, (C4)

because D,(f) (A) is nullspace consistent and Hy, is SPD. The vector Ej A, Dy, v has zero entries at rows corresponding
to the zero rows of the Ej matrix. By construction, D,(f)(/l) has larger dense blocks at the top left and bottom right
corners (consisting of more rows and columns) than the Ej matrix; therefore, it follows from the nullspace consistency
of the D,(f)(/l) matrix that [HkDgf)(A)'U}i # 0 and [ExADy v]; = 0, at least for one entry, the i-th entry, near
the boundaries. This implies that the equality in (C.4) cannot hold for any vector v ¢ span{l,xy}; hence, we
have N (My) = vc. Since My = MY it follows that AN (M) = v.. Using the result in (4.27) with the fact that

N(Mp) = N(MT) = v, we obtain

ko

Vo = D, 1 (Mg, + M{)D, yvo = Dy 4 (M, + M{ )ve = 0. (C.5)

Thus, vg is the only nontrivial vector in the nullspace of V. Analogous results hold for V,,.
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Fig. 5.8 Functional convergence under mesh refinement with block-norm wide-stencil (“W”) and narrow-stencil
(“N”) CSBP operators. The values in parentheses are the convergence rates. The short, thin lines indicate the mesh
refinement levels used to compute the convergence rates.

D Proof of Theorem 4.3

We wish to show that the matrices in (4.30) are positive semidefinite. The matrix A, whose components are given
n (4.31), is symmetric; thus, we can use Theorem 4.2 to determine the conditions required for it to be positive
semidefinite. We have Aaz = 0 because V, and V, are positive semidefinite, ayx > 0, and ., > 0. Therefore, the
first condition in Theorem 4.2 is satisfied. The second condition in Theorem 4.2 requires that

_ + T (2) T (2)
ViV 0 Hc LT —cr, Tt o 0.1

|
— AgAlL oM
(1any = AzoAZ,) Aor =2 [ "o ln, = VoViE] | T, T(2) CT T(2>

where lap,,, and Ip,,, are identity matrices of size 2n;, x 2np and np X ny, respectively. To show that (D.1) holds, we
consider the singular value decomposition of Vi,

vV, = X2Y7T, (D.2)

where the columns of X and Y contain orthonormal basis vectors of the column and row spaces, respectively, and X'
is a diagonal matrix containing the singular values of Vj along its diagonal. Lemma 4.1 and Assumption 4 ensure
that the matrix Vi € R™»*™p has only one nontrivial vector in its nullspace; hence, the first n, — 1 columns of X
contain orthonormal basis vectors that span the column space of Vi and the last column contains the vector in the
nullspace of Vi, which is vg. We also note that

ViV = XEYTY S tXT = X2 xtXT = Xl,,XT, (D.3)

where we have used the orthonormality of Y in the second equality, i.e., YTY = In,, and |, denotes an identity
matrix of size np X np with the last diagonal entry set to zero (since X;; = 0 for ¢ > m, where m = np, — 1 is the
rank of Vi ). Therefore, for operators that include the boundary nodes, we have I, — vkv; =ln, — Xl XT | which
gives

X ... x0 1 X X ... X X 00...00
X ... X X 1 - A 0Ox...x0
Iny — XlnXT =1, — : D C Cl= Sl (D.4)
X X X 1 X X ... X X 0x...x0
X x 0 0 0x...x0 00...00
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where x denotes an entry that we do not need to specify for this analysis. Similarly, for operators that do not
include boundary nodes, we obtain

o -

lnp = ViVi = ln, — Xl XT = : : , (D.5)

0

i.e., the first and last s rows are zero, where s is half of the number of zero entries in vg. For operators that have
nodes at the boundaries, the LHS of (D.1) can be evaluated using (D.4) as

00...00 17 0 0
0Ox...x0 : :
0x...%0 0 0
| AssAt YA, = [00 ... 00 T(fk))wk —T(fk)/\w -0 D.6
(2"107 22 22) 21 = 00...00 —T(Zv))\v T(%})/\v - (D-6)
0x...x0 707 VOV
0x...x0 0 0
L 00...00J [ o |

Similarly, substituting (D.5) into (D.1), it is straightforward to show that the condition (lan — A22A;2> Aoy =0

also holds for operators that do not include boundary nodes. For A to be positive semidefinite, it remains to find
sufficient conditions to satisfy the last requirement in Theorem 4.3, i.e., A1 — A12A;2A21 > 0, which, after some
algebra, gives the condition

2

1 -1 2 L@ T 7(2) 2 T+ T 7(2)
[_1 1 } ® {Tl - (TWT'V’C CorVy LT + —— Ty Cu VI CI TR ) | = 0, (D.7)

Qyy
where ® denotes the Kronecker product. Since [_11 _11] > 0, the inequality in (D.7) is satisfied if

2 2

T > S TROWICTR + S TRGWVICL TR, (D.8)
vy v

which is the same as the condition given by (4.32). Note that Cﬁ,kaJrCZ;k = R,yk/lkV;r/lk Rz;k since ngk =1.

The second matrix in (4.30) can be written as

2T<?‘§j 2T,Eﬁ3}
1) o (4)
a1 27}

—oT® E ﬂ , (D.9)

which is positive semidefinite provided T£,4k) = T,(ﬁ,) > 0, since [} H > 0 . Finally, we note that the last matrix in

(4.30) is symmetric, and a~Vy = 0. Furthermore, using the same approach used to obtain (D.6) it can be shown
that
(In, = VeV)(—2CT) =0 (D.10)

irrespective of whether or not the operator includes boundary nodes. The last condition required for positive semidef-
initeness of the last matrix in (4.30) is

2T§£) —4C (ay Vi) T €T >0, (D.11)

which is satisfied if (4.33) holds. Therefore, the conditions in Theorem 4.3 are indeed sufficient for energy stability.
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