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This paper presents a methodology for dynamic aeroelastic analysis of aircraft based on

model order reduction with error estimation. A projection-based model order reduction

approach is used to create an aerodynamic reduced-order model (ROM) which is coupled

to a structural model to create an aeroelastic ROM. The governing aerodynamic equations

are the linearized semi-discrete Euler equations. Flutter analysis is conducted by analyzing

the eigenvalues of the aeroelastic ROM. A dual-weighted residual-based error estimator is

presented which approximates the error in the eigenvalues obtained from the reduced eigen-

problem relative to the eigenvalues from the high-dimensional aeroelastic model. The error

estimator thus allows for the construction of aeroelastic ROMs with select eigenvalues that

satisfy a user-prescribed accuracy. The aerodynamic ROM is constructed using approximate

high-dimensional aeroelastic eigenvectors computed using the two-sided Jacobi-Davidson al-

gorithm. Dynamic aeroelastic analyses are presented for the NACA 64A010 Isogai case, the

AGARD 445.6 wing model, and a NACA 0012 benchmark case. The error estimator is shown to

have good agreement with the exact error. For the test cases presented in this work, the cost of

computing the flutter point at a given Mach number is equivalent to the cost of approximately

5 to 12 steady nonlinear flow evaluations of the high-dimensional Euler equations.

Nomenclature

A = aeroelastic state matrix

�a, ⌫a,1, ⌫a,2, ⇢a = linearized aerodynamic model matrices

�s, ⇠s = linearized structural model matrices

0 = nondimensional distance from elastic axis to midchord

1 = semichord

fa = aerodynamic forces
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fs = generalized forces applied to structure

� = diagonal matrix of metric Jacobians

 m = mesh movement matrix

M = aeroelastic mass matrix

Xa = semi-discrete Euler equation residual vector

rROM = aerodynamic reduced-order model residual

r = aeroelastic eigenproblem residual

B = thermodynamic entropy

)d, )f = displacement and force transfer matrices

Ca, Cs = time variable for aerodynamic and structural models

u = aeroelastic state vector

ua = aerodynamic state vector

us = generalized structural displacement vector

+ , +f = speed index
⇣
+ = +1

1lU
p
`

⌘
, and flutter speed index

+1 = freestream speed

v = right aeroelastic eigenvector

v

du = left aeroelastic eigenvector

, = weighted inner product matrix

xa,surf, xa,vol = aerodynamic surface and volume node coordinates

GU = nondimensional distance from elastic axis to center of gravity

[, [f = eigenvalue error estimator and flutter speed index error estimator

\ = Rayleigh quotient

_ = eigenvalue

` = mass ratio

d = density

ff , ft = force and time scaling factors

ferr, fdi�, fcorr = eigenvalue tracking metrics

�, = primal reduced basis and test basis

�du,  du = dual reduced basis and test basis

5 = reduced basis vector

l, lU = frequency, and uncoupled torsional frequency
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Subscripts

a = aerodynamic quantity

s = structural quantity

tot = total quantity (steady-state + fluctuation)

1 = freestream quantity

0 = steady-state quantity

Superscripts and Symbols

du = dual problem quantity

⇠ = reduced-order model quantity

· = time derivative

I. Introduction

I� recent years, a strong emphasis has been placed on the need for increased aircraft fuel e�ciency. E�cient designs

can be conceived with the aid of aerodynamic shape optimization and multidisciplinary optimization tools based

on high-fidelity computational fluid dynamics (CFD) [1]. However, the resulting unconventional aircraft are typically

designed to fly at transonic Mach numbers, where a dip in the flutter boundary typically occurs due to the presence and

motion of shock waves [2].

Linear aerodynamic methods, such as the doublet lattice method, have been widely used for flutter predictions in the

past due to their low computational cost. However, these methods fail to model nonlinear flow features accurately in

the transonic regime [3]. This lack of accuracy has led to overly conservative aircraft designs and hence reduced fuel

e�ciency [4]. Alternatively, time-dependent high-dimensional CFD simulations present a means to model aerodynamics

accurately for dynamic aeroelastic analysis. However, due to the unsteady nature of the problem, the large number

of degrees of freedom, and the number of flight conditions to consider, the use of unsteady CFD for time-dependent

flutter predictions in a design context remains intractable. As a result, numerous CFD-based alternatives have been

proposed for flutter predictions. Historically, CFD simulations have been used for the computation of generalized

aerodynamic forces, which are incorporated into a traditional flutter analysis tool such as the ?-: method [5–7]. Hopf

point calculation methods have been used to obtain the flutter point of CFD-based aeroelastic systems [8–10]. Timme

et al. [11] also presented a Schur complement approach to track aeroelastic eigenvalues, with the use of a Kriging

approximation trained on CFD-based solutions to approximate aerodynamic terms. The harmonic balance method [12]

has seen numerous applications for the computation of flutter and limit cycle oscillation (LCO) prediction [13–17].

Additionally, a number of researchers have applied CFD-based corrections or calibrations to low-fidelity models in
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order to obtain more accurate flutter predictions [18–21].

Model order reduction methods have also been widely applied to reduce the computational expense of CFD-based

flutter analyses. The term encompasses a wide breadth of methods, all with the underlying goal of approximating the

solution of a high-dimensional model (HDM) in a fraction of the computational time. In the case of flutter analysis,

the CFD model generally constitutes the HDM, though occasionally the coupled CFD-structural model is used. Here

we do not provide an exhaustive survey of the field, but we describe a few notable applications of reduced-order

models (ROMs) for aeroelastic analyses. Model order reduction methodologies can be classified into two categories:

data-driven ROMs and projection-based ROMs. We define data-driven model order reduction as any nonintrusive

approach which solely relies on input and output data for the construction of the ROM, essentially treating the HDM as a

“black-box”. In this category, numerous researchers have applied Kriging approximations to model aerodynamic forces

[11, 22, 23] and to directly model the flutter surface [24]. The Eigensystem Realization Algorithm [25] has been used

with CFD-based aerodynamic force responses to construct low-order aerodynamic models for flutter prediction [26–28].

Autoregressive-based models have seen numerous applications in flutter analysis [29–32]. Additionally, artificial neural

networks have also been applied to flutter analysis [33], though their use in nonlinear modeling has made them more

popular for LCO prediction [34–36].

In contrast to data-driven approaches, projection-based model order reduction is intrusive because it requires access

to the HDM’s operators in order to project them onto a subspace spanned by a reduced basis. Though this approach

requires more development time, it possesses significant advantages such as an explicit relation between the reduced

states and the original system states, and the potential for deriving error estimation and error bounds [37]. In early

work, Hall [38] suggested using truncated sets of aerodynamic eigenvectors as reduced bases, though the computational

costs of obtaining the eigenvectors limited the application of this approach. Romanowski [39] presented the application

of proper orthogonal decomposition (POD) [40, 41] for the construction of reduced bases for aerodynamic modeling.

POD subsequently became a common method for projection-based aerodynamic ROMs, with researchers applying it

towards flutter analysis [42–45], LCO predictions [46], and the dynamic aeroelastic analysis of a complete aircraft [47].

Previously, the authors of this paper have also presented a projection-based ROM approach for flutter predictions [48].

In this previous work, an aerodynamic ROM was constructed using a reduced basis constructed by applying POD to

snapshots obtained by exciting the structural states during a single unsteady flow solve. The aerodynamic ROM was

then coupled to the structural model, and the eigenvalues of the resulting aeroelastic ROM were analyzed to predict the

onset of flutter.

All of the aforementioned projection-based ROM approaches are capable of predicting flutter; however none are

capable of estimating the accuracy of their flutter prediction relative to the original aeroelastic HDM. The objective of

this paper is to present a projection-based ROM approach for aeroelastic analysis with an error estimator capable of

providing a user-prescribed level of accuracy for flutter predictions relative to the aeroelastic HDM. Dynamic aeroelastic
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analysis is performed by analyzing the eigenvalues of the aeroelastic ROM. The dual-weighted residual (DWR) method

[49] is used to provide an error estimate for the eigenvalues. The error estimator provides the user with a measure

of accuracy for the approximated aeroelastic eigenvalues and also serves as an indicator to determine at which flight

conditions to update the reduced basis. This leads to an automated ROM training procedure for which the user needs

only to supply some parameters for initial snapshots, the applicable flight conditions, and the desired level of accuracy

in the eigenvalues. Furthermore, an extension of the eigenvalue error estimator is presented to obtain approximate errors

for the predicted flutter point.

It has been shown that the DWR method provides e�ective error estimation for aerodynamic problems [50] as well

as eigenvalue problems [51]. The DWR method requires the solution to a dual (or adjoint) problem in a subspace not

spanned by the reduced basis used to create the original aerodynamic ROM. We approximate dual solutions with a

second aerodynamic ROM created using a reduced basis trained on dual solutions. As will be discussed in Section

IV, the dual solution to the aeroelastic eigenproblem is in fact the left eigenpair of the system. Thus, we denote the

aeroelastic ROM used for the main aeroelastic analysis as the primal ROM, and the aeroelastic ROM used for the error

analysis as the dual ROM.

Similar to the work by Lowe and Zingg [48], we rely on the linearized semi-discrete Euler equations as our

high-dimensional aerodynamic system; however the reduced basis is now constructed using approximate eigenvectors of

the aeroelastic HDM obtained using the two-sided refined Jacobi-Davidson algorithm [52–54]. Our use of eigenvectors

and the two-sided Jacobi-Davidson algorithm for model order reduction is similar to the work presented by Benner et al.

[55]. However, in our work, the left eigenvectors are not used for the test basis in the construction of the ROM, but are

rather used to construct the dual ROM for error estimation. We also note that the methodology presented herein is not

limited to the use of the linearized Euler equations, and can be extended to the linearized RANS equations.

The remainder of this paper is divided into the following sections. In Section II, we present the high-dimensional

equations used to model aeroelastic behavior, including the structural and aerodynamic models. Section III describes

the model order reduction approach used to create the primal aeroelastic ROM. In Section IV, we give an overview of

the error estimator derivation, and describe the procedure to create the dual aeroelastic ROM. Section V presents our

methodology for ROM-based flutter analysis with error estimation. Finally, Section VI contains the results obtained

using the methodology derived in this paper.

II. High-Dimensional Semi-discrete Aeroelastic Model
This section presents the high-dimensional semi-discrete equations used to model dynamic aeroelastic behavior.

An overview of the structural model is first presented. Subsequently, the linearized semi-discrete Euler equations

are derived and used to form the aerodynamic model. Finally, the structural and aerodynamic models are coupled to

form the high-dimensional monolithic aeroelastic model. For ease of presentation, certain quantities associated to the
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aerodynamic model are indicated with the subscript a, whereas those for the structural models are presented with the

subscript s.

A. Structural Model

For dynamic aeroelastic analysis, structural states are commonly expanded into a modal series consisting of the

summation of free vibration modes weighted by time-dependent generalized displacements. Neglecting contributions

from damping, one may write the resulting equations of motion as follows:

32
us,tot

3C2s
+⌦sus,tot = fs,tot (1)

where Cs is the time variable for the structural model, us,tot is the vector of generalized displacements, fs,tot is the vector

of generalized forces applied to the structural grid, and ⌦s is a diagonal matrix of squared natural frequencies. We wish

to linearize equation (1) about a steady-state solution. The relevant states are expanded as:

us,tot = us,0 + us, ua,tot = ua,0 + ua, (2)

where ua,tot is the vector of aerodynamic states, and steady-state quantities are denoted with the subscript 0. Interest lies

in modeling the state fluctuations us and ua, and their impact on the fluctuations of the applied forces: fs = fs,tot � fs,0.

Forces are computed on the aerodynamic grid, which does not correspond to the structural grid. Additionally, the

aerodynamic equations are typically nondimensionalized, and thus applied forces require a dimensionalization factor.

We introduce the force scaling factor ff , the force transfer matrix )f , and the displacement transfer matrix )d, such that

fs = ff)f fa, xa,surf = )dus, (3)

where fa is the vector of aerodynamic force fluctuations computed on the aerodynamic surface grid, and xa,surf is the

vector of aerodynamic surface grid node coordinate fluctuations. The transfer matrices )f and )d may be computed in a

number of ways. In this work, we use uniform plunge and angular displacements (with a small angle approximation) for

the two degree of freedom structural model, and Harder and Desmarais’s thin plate spline interpolation [56] for the

AGARD 445.6 wing model.

Expanding the fluctuations of the force into a Taylor series and truncating high-order terms gives,

fs = ff)f fa ⇡ ff)f

✓
m fa

mxa,surf
)dus + m fa

mua
ua

◆
. (4)
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The linearized structural model thus becomes,

32
us

3C2s
= �sus + ⇠Bua, (5)

where:

�s = ff)f
m fa

mxa,surf
)d �⌦s, ⇠B = ff)f

m fa
mua

.

B. Aerodynamic Model

The governing aerodynamic equations used for dynamic aeroelastic analysis are the linearized semi-discrete Euler

equations. Before linearization, the Euler equations are discretized in space using a second-order summation-by-parts

approach, and are then put into an arbitrary Lagrangian-Eulerian form. This leads to the following set of ordinary

di�erential equations:
3��1

ua,tot

3Ca
= Xa

�
ua,tot (Ca), xa,vol,tot (Ca), §xa,vol,tot (Ca)

�
. (6)

Here xa,vol,tot and §
xa,vol,tot are the vectors of volume grid node coordinates and velocities, respectively. Additionally, Ca

is the time variable for the aerodynamic model, Xa is the residual vector, and ��1 is a diagonal matrix of inverse metric

Jacobians of the transformation to curvilinear coordinates. In order to preserve a uniform flow in the presence of a

deforming grid, the evolution of the ��1 is governed by the Geometric Conservation Law [57].

The linearized semi-discrete Euler equations are obtained by assuming the flow states, grid node coordinates, and

grid node velocities can be represented as linear fluctuations about a nonlinear steady state:

ua,tot = ua,0 + ua, xa,vol,tot = xa,vol,0 + xa,vol, §
xa,vol,tot = §

xa,vol. (7)

Steady-state grid node velocities are assumed to be zero. The resulting linearized semi-discrete Euler equations are:

��1
0
3ua

3Ca
+ mXa

mua
ua + mXa

mxa,vol
 mxa,surf +

✓
m

m §xa,vol

✓
3��1

3Ca

◆
ua,0 + mXa

m §xa,vol

◆
 m §

xa,surf = 0, (8)

where  m is a linear mesh movement matrix such that:

xa,vol =  mxa,surf, §
xa,vol =  m §

xa,surf. (9)

Here xa,surf and §
xa,surf are the vectors of aerodynamic surface grid node coordinate fluctuations and velocities. For

further details on the derivation of the linearized Euler equations, see Lowe and Zingg [48].

The aerodynamic model is nondimensionalized in time di�erently than the structural model. To address this, the
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following time scaling factor is introduced:

Cs = ftCa. (10)

Additionally, we must transfer displacements from the structural grid to the aerodynamic surface grid. Here, for the

time scaling, we explicitly state the aerodynamic surface velocity vector as §
xa,surf =

3xa,surf
3Ca

. Applying the displacement

transfer matrix )d, we obtain:

xa,surf = )dus,
3xa,surf

3Ca
= ft)d

3us

3Cs
, (11)

Introducing equations (10) and (11) into (8), the aerodynamic model is given by,

⇢a
3ua

3Cs
= �aua + ⌫a,1us + ⌫a,2

3us

3Cs
, (12)

where the system matrices are:

⇢a = ft�
�1
0 , �a =

mXa

mua
, ⌫a,1 =

mXa

mxa,vol
 m)d, ⌫a,2 = ft

✓
m

m §xa,vol

✓
3��1

3Ca

◆
ua,0 + mXa

m §xa,vol

◆
 m)d.

C. Monolithic Aeroelastic Model

We wish to couple the linear structural and aerodynamic models into a single monolithic aeroelastic system.

Introducing the notation,
3us

3Cs
= §
us, (13)

we write equations (5), (12), and (13) into a complete set of aeroelastic equations,

266666666664

� 0 0

0 � 0

0 0 ⇢a

377777777775

3

3Cs

266666666664

§
us

us

ua

377777777775

=

266666666664

0 �s ⇠s

� 0 0

⌫a,2 ⌫a,1 �a

377777777775

266666666664

§
us

us

ua

377777777775

, (14)

where � is the identity matrix. In a more convenient form, we write this as

M
3u

3Cs
= Au, (15)

where u

) =
⇥ §
u

)
s u

)
s u

)
a
⇤
.

Analogous to the ? method used in flutter analysis, we expand the states into simple exponential functions in time as

follows,

u = v exp (_Cs) . (16)
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This leads to the following generalized eigenvalue problem to determine the stability of the system:

(A � _M) v = 0. (17)

We refer to equation (17) as the high-dimensional eigenproblem, and we denote any eigenvalue _ and (right) eigenvector

v which satisfies (17) as a truth eigenvalue and truth eigenvector.

III. Model Order Reduction
Due to the use of the linearized Euler equations, the aeroelastic eigenproblem (17) is of very high dimension and thus

remains impractical for fast dynamic aeroelastic analysis. If instead of using the high-dimensional aerodynamic model

(12) we approximate the behavior of the aerodynamics with a ROM, the aeroelastic eigenproblem becomes tractable.

This section presents an overview of the application of projection-based model order reduction to the aerodynamic

model used in this work. The approach used to form the reduced basis is discussed in Section V below.

A. Projection-Based Model Order Reduction

To begin, assume we possess a set of =a reduced basis vectors stored column-wise in the reduced basis � =

{51, 52, ..., 5=a }. In projecting the linearized aerodynamic model (12) onto the reduced basis, one approximates the

aerodynamic solution in the reduced space [37]:

ua ⇡ �ũa, (18)

where ũa 2 R=a is a vector of modal coe�cients. Inserting this approximation into the high-dimensional aerodynamic

model (12), we obtain the residual,

rROM = ⇢a�
3ũa

3Cs
� �a�ũa � ⌫a,1us � ⌫a,2 §us. (19)

Enforcing the Petrov-Galerkin condition, which states that the residual is orthogonal to the test basis  , leads to:

 ), rROM = 0, (20)

where, is a matrix which approximates a continuous inner-product in Euclidean space. In this work,, is also used to

stabilize the aerodynamic ROM; this is further discussed in Section III.B below. The resulting aerodynamic ROM is,

⇢̃a
3ũa

3Cs
= �̃aũa + ⌫̃a,1us + ⌫̃a,2 §us, (21)
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where the reduced matrices are

⇢̃a =  ),⇢a�, �̃a =  ),�a�, ⌫̃a,1 =  ),⌫a,1, ⌫̃a,2 =  ),⌫a,2.

To di�erentiate this aerodynamic ROM from that used for the error estimator, we denote equation (21) as the primal

aerodynamic ROM.

Coupling the primal aerodynamic ROM to equations (5) and (13) forms the (primal) aeroelastic ROM,

266666666664

� 0 0

0 � 0

0 0 ⇢̃a

377777777775

3

3Cs

266666666664

§
us

us

ũa

377777777775

=

266666666664

0 �s ⇠̃s

� 0 0

⌫̃a,2 ⌫̃a,1 �̃a

377777777775

266666666664

§
us

us

ũa

377777777775

, (22)

where we denote ⇠̃s ⌘ ⇠s�. As before, we write this in a more convenient form,

M̃
3ũ

3Cs
= Ãũ, (23)

where ũ

) =
⇥ §
u

)
s u

)
s ũ

)
a
⇤
. One can immediately see that the matrices �̃a and ⇢̃a are now of order =a, which is typically

orders of magnitude smaller than the number of degrees of freedom in the high-dimensional aerodynamic model.

Assuming ũ = ṽ exp
�
_̃Cs

�
, the stability of the aeroelastic system can now be determined by the tractable eigenproblem,

⇣
Ã � _̃M̃

⌘
ṽ = 0. (24)

In general, _̃ < _ due to the approximation of the right eigenvector in the reduced space,

v ⇡ �̌ṽ, (25)

where we define the augmented reduced basis as:

�̌ =

266666666664

� 0 0

0 � 0

0 0 �

377777777775

.

The size of the identity matrices � here is equal to the number of structural degrees-of-freedom.
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B. Stabilizing Inner Product and Test Basis Selection

It has previously been shown that the stability of projection-based ROMs constructed from linearized systems

of equations can be ensured with the use of a symmetrizing weighted inner product [58, 59]. In this work, we use

a similar approach as Lowe and Zingg [48] to stabilize the aerodynamic ROM. It has been shown that the Hessian

of the mathematical entropy �dB (where d is the density and B is the thermodynamic entropy) symmetrizes the flux

Jacobian of the Euler equations, and thus can be used as an inner product to stabilize the aerodynamic ROM. Therefore,

the matrix, used to approximate the continuous inner product for the Petrov-Galerkin projection in equation (20) is

constructed as a block diagonal matrix containing the Hessian of the mathematical entropy at each node as well as

trapezoidal quadrature weights to approximate the integration for the inner product.

Moreover, as will be discussed later, only eigenvalues originating from the wind-o� structural modes are important

for flutter analysis. In this paper we term these the “aeroelastic modes”. The remaining eigenvalues originate from

the uncoupled aerodynamic model, and typically remain stable for the purposes of flutter analysis. Following Dowell

et al. [60], we call these the “aerodynamic modes”; these are analogous to the aerodynamic lag roots obtained from

classical flutter analysis methods [61]. When forming the aerodynamic ROM, the choice of test basis  used for the

Petrov-Galerkin projection (20) has a large impact on the distribution of the aerodynamic modes. To simplify the process

of tracking and analyzing the aeroelastic modes, it is ideal to keep the aerodynamic modes separate from the aeroelastic

modes. We have found that good separation between these two groups of modes is obtained by using the test basis

 = ��1
0 �,

where ��1
0 is the diagonal matrix of inverse metric Jacobians of the transformation to curvilinear coordinates for the

steady-state grid.

IV. Error Estimation
The stability of the aeroelastic system is determined by the eigenvalues of the high-dimensional eigenproblem

(17). In order to ensure that the aeroelastic ROM provides su�ciently accurate results relative to the high-dimensional

model, we wish to estimate the error between the eigenvalues obtained from the reduced eigenproblem (24) and the

corresponding truth eigenvalues. If the estimated error exceeds a user-prescribed tolerance, then the aerodynamic ROM

can be trained to produce a more accurate eigenvalue. The following section presents the error estimator used in this

work. The estimator is based on the work of Heuveline and Rannacher [51], who presented a DWR-based error estimator

for eigenvalue problems. An overview of the approach is presented in this section; the reader is referred to Bangerth and

Rannacher [62] for details of the derivation.
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A. Dual-Weighted Residual-Based Error Estimation

To begin, we present the primal and dual problems of interest. The primal problem is the high-dimensional right

eigenvalue problem from equation (17), rewritten here for convenience, with an extra normalization condition on the

eigenvector,

Av = _Mv, v

�Mv = 1, (26)

where a superscript � denotes the conjugate transpose. For flutter analysis, we are specifically interested in the

eigenvalue; thus we define the output functional as:

� (`, w) = `w�Mw. (27)

Due to the normalization condition, this output functional provides the eigenvalue: � (_, v) = _v�Mv = _. For this

output functional, the dual solution is obtained from the high-dimensional left eigenproblem with an added normalization

condition:

(vdu)�A = _(vdu)�M, (vdu)�Mv = 1, (28)

where v

du is the truth left eigenvector. For further details see [62].

Now, assume we have solved the reduced (primal) eigenproblem (24) for an approximate right eigenpair
�
_̃, ṽ

�
.

Introducing this approximate eigenpair into the high-dimensional right eigenproblem (26), we obtain the following

residual:

r =
�
A � _̃M�

�̌ṽ. (29)

Given the truth left eigenvector vdu, the error in the solution is given by the equation,

_ � _̃ = (vdu)� r + R(2) , (30)

where R(2) is a second-order remainder term [62].

Obtaining the error through equation (30) (with the remainder term neglected) remains impractical because we

require the truth left eigenvector vdu from the high-dimensional left eigenproblem (28). To reduce computational cost,

we obtain an approximate left eigenvector with a second ROM, denoted as the dual ROM.
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B. Dual ROM and Error Estimator

To obtain the dual aeroelastic system, we transpose the state and mass matrices from the primal high-dimensional

aeroelastic model (14), giving

266666666664

� 0 0

0 � 0

0 0 ⇢a

377777777775

3

3Cs

266666666664

§
u

du
s

u

du
s

u

du
a

377777777775

=

266666666664

0 � ⌫)a,2

�)s 0 ⌫)a,1

⇠)
s 0 �)a

377777777775

266666666664

§
u

du
s

u

du
s

u

du
a

377777777775

. (31)

Note that all matrices are real and that the matrix ⇢a is symmetric and thus does not require a transpose. The dual

aerodynamic model is then,

⇢a
3udu

a

3Cs
= �)a u

du
a + ⇠)

s §
u

du
s . (32)

As for the primal aerodynamic ROM, we approximate the dual aerodynamic solution in a reduced space spanned by the

reduced basis �du:

u

du
a ⇡ �du

ũ

du
a , (33)

where ũ

du
a is a vector of modal coe�cients. From this approximation, we obtain the residual,

r

du
ROM = ⇢a�du 3ũ

du
a

3Cs
� �)a �du

ũ

du
a � ⇠)

s §
u

du
s . (34)

Enforcing the Petrov-Galerkin condition
�
 du�) , r

du
ROM = 0 leads to the dual aerodynamic ROM,

⇢̃du
a
3ũdu

a

3Cs
= �̃du

a ũ

du
a + ⇠̃du

s §
u

du
s , (35)

where the reduced matrices are

⇢̃du
a =

⇣
 du

⌘)
,⇢a�du, �̃du

a =
⇣
 du

⌘)
,�)a �

du, ⇠̃du
s =

⇣
 du

⌘)
,⇠)

s .

In this work, the test basis for the dual aerodynamic ROM is constructed in the same manner as the primal ROM, that is

 du = ��1
0 �

du. With this dual aerodynamic ROM, we can form the dual aeroelastic ROM,

266666666664

� 0 0

0 � 0

0 0 ⇢̃du
a

377777777775

3

3Cs

266666666664

§
u

du
s

u

du
s

ũ

du
a

377777777775

=

266666666664

0 � ⌫̃du
a,2

�)s 0 ⌫̃du
a,1

⇠̃du
s 0 �̃du

a

377777777775

266666666664

§
u

du
s

u

du
s

ũ

du
a

377777777775

, (36)
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where we introduce the matrices ⌫̃du
a,1 ⌘ ⌫)a,1�du and ⌫̃du

a,2 ⌘ ⌫)a,2�du. In a more convenient form, we write this as

M̃du 3ũ
du

3Cs
= Ãdu

ũ

du. (37)

This directly leads to the reduced dual generalized eigenproblem,

⇣
Ãdu � _̃duM̃du

⌘
ṽ

du = 0, (38)

where ṽ

du is a reduced approximation of the truth left eigenvector vdu such that

v

du ⇡ �̌du
ṽ

du, (39)

with the augmented dual reduced basis:

�̌du =

266666666664

� 0 0

0 � 0

0 0 �du

377777777775

. (40)

Introducing the left eigenvector approximation (39) into equation (30), and neglecting the remainder term, we obtain the

error estimator [ used in this work:

_ � _̃ ⇡ [ ⌘
⇣
�̌du

ṽ

du
⌘�

r. (41)

V. ROM-Based Flutter Analysis with Error Estimation
In this section, we present our approach to constructing an aeroelastic ROM capable of approximating aeroelastic

eigenvalues and the flutter point to a user-prescribed accuracy. We first define the parameter on which our aeroelastic

ROMs depend. Aerodynamic parameters including the Mach number and angle of attack are held fixed during our

analyses. Similarly, structural parameters such as the structural mass and Young’s modulus are also held fixed. The

parameter for the aeroelastic ROMs is the variable which a�ects the coupling between both the aerodynamic and

structural models. For our purposes, the aeroelastic parameter is the speed index+ = +1
1lU

p
` , where+1 is the freestream

speed, 1 is the root semichord, lU is the uncoupled first torsional frequency, and ` is the mass ratio. The speed index is

a nondimensional analogue of the freestream dynamic pressure.

To introduce our method, we first show the flow chart of the algorithm in Figure 1. The novel method can be divided

into three stages: ROM initialization, ROM training, and the flutter point calculation. In the ROM initialization stage,

an initial ROM is constructed using snapshots from the high-dimensional aerodynamic system. In the ROM training

stage, the algorithm tracks the aeroelastic eigenvalues relevant for flutter analysis for increasing speed index values.
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This is accomplished by iteratively solving for the eigenvalues of the ROM at increasing values of speed index, and

tracking the aeroelastic eigenvalues between increments. At each value of speed index, the reduced basis is updated

if the error estimate of an eigenvalue is above the user-prescribed threshold. Once an unstable eigenvalue is found,

the algorithm moves to the flutter point calculation stage. In this stage, a Hopf point calculation procedure is used to

determine the flutter point of the aeroelastic ROM. Subsequently, the error in this approximate flutter point is estimated.

The algorithm terminates when this error estimate satisfies the user-prescribed threshold; otherwise the ROM is updated

and the Hopf point calculation is repeated. When the algorithm terminates, it provides an approximate flutter speed

index and an estimate of the error in this quantity. Additional results include the flutter frequency and approximate left

and right eigenvectors of the aeroelastic system at the flutter point. In this section, we discuss the details of each of these

three stages.

A. ROM Initialization

Though the goal of constructing the aeroelastic ROM is to eventually obtain a desired level of accuracy for aeroelastic

eigenvalue approximations, this accuracy will be achieved through updates to the reduced basis in the ROM training

stage of the algorithm. Here we discuss the computation of the initial primal and dual reduced bases, � and �du, as a

first step towards constructing the primal and dual ROMs. In this work, the initial primal and dual reduced bases are

constructed from solutions of the primal and dual high-dimensional aerodynamic models in the frequency domain. To
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obtain these equations, the aerodynamic and structural vectors are assumed to be harmonic,

ua (C) = ūa4
8lC , us (C) = ūs4

8lC , (42)

where ūa and ūs are the aerodynamic and structural Fourier coe�cients, respectively. Inserting these expressions into

the high-dimensional linearized aerodynamic model (12), we obtain the governing primal aerodynamic equations in the

frequency domain,

(8l⇢a � �a) ūa =
�
⌫a,1 + 8l⌫a,2

�
ūs. (43)

Using the same approach, we can convert the high-dimensional dual aerodynamic model (32) to the frequency domain,

⇣
8l⇢a � �)a

⌘
ū

du
a = 8l⇠)

s ū

du
s . (44)

To obtain initial snapshots for the reduced bases, equations (43) and (44) are solved for several speed index values. At

each speed index value, these equations are solved with the frequency l set to the natural frequencies of the structure.

At each natural frequency, the corresponding generalized velocity and displacement are set to unity and the inverse

frequency, respectively, in the input vectors ūs and ū

du
s . Note that changing the speed index results in changes to the

system matrices in equations (43) and (44) due to di�erent time and force scaling factors ft and ff .

We have found that solving equations (43) and (44) for five speed index values produces initial ROMs with good

error estimation capability. Moreover, the equations are solved only to a relative tolerance of 10�1 to obtain the initial

snapshots. Once all the snapshots of ūa and ū

du
a have been obtained, they are orthogonalized using the modified

Gram-Schmidt procedure and used to create the initial reduced bases � and �du. Note that the real and imaginary parts

of the snapshots are included as separate vectors in � and �du to produce only real valued reduced bases.

B. ROM Training

The error estimator (41) allows us to approximate the error in any eigenvalue obtained from the reduced aeroelastic

eigenproblem (24). However, not all eigenvalues obtained from the aeroelastic ROM are important for flutter analysis.

Certain eigenmodes in the aeroelastic system are associated to the wind-o� structural modes, and it is one of these

eigenmodes that will become unstable. At low speed index values, these are easily determined because each eigenvalue

has an imaginary part near the natural frequency of its associated structural mode. As the speed index is increased, the

eigenvalues change in value. Figure 2 demonstrates an example root locus for increasing speed index for an aeroelastic

system with two structural modes.

Based on this knowledge, we wish to create a reduced basis that spans the subspace of the eigenvectors of these

important aeroelastic modes for a range of speed index values. In this pursuit, we require two algorithmic elements:
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a robust eigenvalue tracking algorithm and a means of approximating truth eigenvectors. The eigenvalue tracking

algorithm is required to know which eigenvalues are relevant for flutter analysis and necessitate error estimation. A

means of approximating truth eigenvectors is required in order to train the reduced basis to obtain better approximations

of aeroelastic eigenvalues. In this section, we present our approach to each of the aforementioned elements.

1. Eigenvalue Tracking

Once the aeroelastic ROMs have been initialized, the reduced eigenproblem (24) can be used to approximate

aeroelastic eigenvalues. At speed index values near zero, the eigenvalues relevant for flutter analysis are those with an

imaginary part near a natural frequency of the structure. As the speed index is increased, the values of these eigenvalues

change, which leads to the need for tracking. Assume we have an approximate eigenvalue _̃ (=�1) known to be important

for flutter analysis at the speed index increment = � 1. At increment =, after solving the eigenproblem (24), we have a

number of approximate eigenvalues _̃ (=)8 for 8 = 1, 2, ..., and we wish to know which eigenvalue _̃ (=)8 is associated to

the known eigenvalue _̃ (=�1) . Several algorithms have been proposed for this purpose [63, 64]. In this work, we use a

mixture of three metrics to track the eigenvalues.

The first tracking metric is based on the reciprocal of the error estimator (41). At increment =, we have the

approximate eigenvalues _̃ (=)8 , and approximate right and left eigenvectors, ṽ (=)8 and ṽ

du(=)
8 , respectively. Assuming the

eigenvectors vary smoothly with changing speed index value, we can use the left eigenvector at the previous increment

associated to the known eigenvalue _̃ (=�1) to estimate the error in the new 8th approximate eigenvalue. This leads to the

first metric:

ferr
8 ⌘

���⇣w�
A � _̃ (=)8 w

�
M

⌘
ṽ

(=)
8

����1
, (45)

where

w

�
A =

⇣
�̌du

ṽ

du(=�1)
⌘�
A(=)�̌, w

�
M =

⇣
�̌du

ṽ

du(=�1)
⌘�
M(=)�̌,

and ṽ

du(=�1) is the approximate left eigenvector for the known eigenvalue _̃ (=�1) . We specifically use the reciprocal

of the error estimator for tracking to ensure that a small error estimate leads to a large tracking merit. One can see
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that if we replace the vector ṽdu(=�1) with ṽ

du(=) in equation (45) above, we regain the reciprocal of the standard error

estimator from (41). Thus the only di�erence between error-based tracking metric (45) and the reciprocal of (41) is the

use of a left eigenvector at a previous speed index value. The vectors w�
A and w

�
M need only be computed once at each

speed index increment, and therefore the term ferr
9 is e�cient to compute for all approximate eigenvalues.

The second metric is the inverse of the magnitude of the di�erence between the eigenvalues,

fdi�
8 ⌘

���_̃ (=�1) � _̃ (=)8

����1
. (46)

Once again, we use the reciprocal to ensure that small di�erences lead to large merits. The third metric is the eigenvector

correlation-based method of van Zyl [63]. It can be compactly expressed as

fcorr
8 ⌘

��� �ṽ (=�1) ��
ṽ

(=)
8

���
��
ṽ

(=�1)��
2

���ṽ (=)8

���
2

, (47)

where ṽ

(=�1) and ṽ

(=)
8 are the reduced right eigenvectors associated to _̃ (=�1) and _̃ (=)8 , respectively, and k·k2 indicates

the 2-norm of the vector.

Once computed, all the metrics ferr
8 , fdi�

8 , fcorr
8 are normalized so that their values over all indices 8 sum to one.

Subsequently, the three metrics are aggregated into a logarithmic opinion pool,

?8 =
�
ferr
8

�F1
⇣
fdi�
8

⌘F2 �
fcorr
8

�F3 , (48)

where the weights F1, F2, and F3 sum to one. The eigenvalue _̃ (=)8 with the largest value of ?8 is assumed to be

associated to _̃ (=�1) . However, the largest value of ?8 must be at least 50% higher than the second-largest value;

otherwise the tracking is flagged as a failure and the speed index step is halved. For the results obtained in this paper,

the following weight values were found to provide reliable eigenvalue tracking:

F1 = 0.5, F2 = 0.4, F3 = 0.1.

2. Reduced Basis Updates using Approximate Eigenvectors

Using the eigenvalue tracking method outlined above, we can determine which approximate eigenvalues from the

aeroelastic ROMs are relevant for flutter analysis. Furthermore, using the error estimator (41), we can estimate the error

in these approximate eigenvalues. If the error of an eigenvalue is above a user-prescribed tolerance, then an approximate

truth eigenvalue and approximate right and left truth eigenvectors are computed for the high-dimensional eigenvalue

problem (17). The new truth eigenvectors are then added to the primal and dual reduced bases. By repeating this process
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for various speed index values, we can create aeroelastic ROMs capable of approximating the aeroelastic eigenvalues

over a range of speed indices to a user-prescribed tolerance.

In this work, a two-sided refined Jacobi-Davidson method [52–54] is used to solve the high-dimensional eigenproblem

(17). This algorithm allows for both the left and right eigenvectors to be obtained simultaneously for the eigenvalue

nearest a user-specified target. We choose the approximate eigenvalue _̃ (=) obtained from the primal aeroelastic ROM

as the target. To minimize computation costs, we have developed a new stopping criterion for the method. At each

iteration : , the two-sided Jacobi-Davidson method provides a new approximate (truth) right eigenvector v (:) and left

eigenvector vdu(:) . The Rayleigh quotient of the right eigenvector approximates the truth eigenvalue, and is computed as

\ (:) =
�
v

(:) �� Av (:)�
v

(:) �� Mv

(:)
, (49)

Using the approximate truth left eigenvector vdu(:) , the error in this Rayleigh quotient can be estimated as,

_ � \ (:) ⇡
⇣
v

du(:)
⌘�

r\ , (50)

where r\ is the residual associated to the Rayleigh quotient,

r\ = Av (:) � \ (:)Mv

(:) .

Thus, the two-sided Jacobi-Davidson method is run until the error estimate (50) is below the user-set tolerance for the

Rayleigh quotient error.

Once the Jacobi-Davidson algorithm has su�ciently converged, it provides approximate truth right and left

eigenvectors v and v

du, respectively. Note that the eigenvectors are composed of structural and aerodynamic parts:

v

) =
⇥ §
v

)
s , v

)
s , v

)
a
⇤
. To update the primal and dual aerodynamic ROMs, the aerodynamic part of the eigenvalues are

added to the existing reduced bases. The right eigenvectors are added to the primal reduced basis �, while the left

eigenvectors are added to the dual reduced basis �du. The real and imaginary parts are included separately in order to

keep the reduced bases, and hence the reduced matrices, real valued,

� = {51, 52, . . . ,Real{va}, Imag{va}} ,

�du =
�
5

du
1 , 5du

2 , . . . ,Real{vdu
a }, Imag{vdu

a } .
To ensure proper conditioning of the reduced matrices, the new vectors are orthogonalized with respect to all other basis

vectors using the modified Gram-Schmidt procedure.
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C. Flutter Point Calculation

With the ROM training procedure presented Section V.B, we can create an aeroelastic ROM which can approximate

important eigenvalues from the aeroelastic HDM to a user-prescribed accuracy. The training procedure is stopped once

one of these aeroelastic eigenvalues crosses the imaginary axis, indicating the onset of flutter in the system. Recall

that this process is shown in the flow chart in Figure 1 as the “ROM Training” stage. Once an unstable mode is found

in the system, the calculation of the flutter point begins. The exact speed index at which flutter occurs (known as the

flutter speed index) for the aeroelastic ROM is obtained using the Hopf point calculation method of Griewank and

Reddien [65]. However, because the aeroelastic ROM is made to approximate the linearized aeroelastic equations, it

cannot be used to approximate the solution of the nonlinear equations which govern the static aeroelastic deflection. For

the test cases presented in this paper, the geometries are symmetric and the angles of attack are kept at zero degrees;

therefore no static aeroelastic deflections are present in the system. This eliminates the need to solve the nonlinear static

aeroelastic equations for changing aeroelastic parameter values. If a geometry is nonsymmetric or the angle of attack is

non-zero, then an iterative approach can be used where the Hopf point is computed for a fixed static solution, followed

by an update to the static solution to reflect the new Hopf point parameter value.

As the Hopf point is computed for the aeroelastic ROM, the computations are fast. However, the speed index at

which the aeroelastic ROM flutters may be di�erent from that of the high-dimensional aeroelastic system. Therefore, we

wish to approximate the error in the flutter speed index of the ROM. We denote the flutter speed index of the aeroelastic

HDM as +f, and the flutter speed index of the aeroelastic ROM as +̃f. Assuming +f can be expressed as a function of the

real part of the aeroelastic eigenvalue, we expand it into a Taylor series about +̃f,

+f = +̃f + 3+

3_r
(0 � _r) + O

⇣
_2

r

⌘
, (51)

where _r is the real part of the truth eigenvalue at the speed index value +̃f. The real part of the approximate eigenvalue

from the aeroelastic ROM _̃r is zero at +̃f; we introduce it in equation (51) to eventually retrieve the eigenvalue error

estimator. Hence, an error estimate for the flutter point can be obtained as,

��+f � +̃f
�� ⇡

����3_r

3+

����
�1 ��_r � _̃r

�� . (52)

The di�erence in the real part of the truth and approximate eigenvalues is estimated using,

��_r � _̃r
�� ⇡ |Real{[}| , (53)

where [ is the error estimator from (41). The derivative in equation (52) is inverted to simplify its computation. We
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approximate this derivative using the approximate right and left eigenvectors from the primal and dual ROMs such that

3_A
3+

⇡ Real
⇢⇣
�̌du

ṽ

du
⌘� ✓

3A

3+
� _̃ 3M

3+

◆
�̌ṽ

�
. (54)

Ultimately, we can combine equations (52), (53), and (54) to obtain an error estimator for the flutter point,

��+f � +̃f
�� ⇡ [f ⌘

����Real
⇢⇣
�̌du

ṽ

du
⌘� ✓

3A

3+
� _̃ 3M

3+

◆
�̌ṽ

�����
�1

|Real{[}| . (55)

Using this error estimator, we can determine if the approximated flutter speed index +̃f is su�ciently accurate. If it is

not, then the aeroelastic primal and dual ROMs are updated using eigenvectors obtained at +̃f using the Jacobi-Davidson

approach outlined in Section V.B.2. The Hopf point is then recalculated for the updated aeroelastic ROM, and the

flutter speed index error is once again computed. This process is repeated until the error estimator [f is below the

user-specified tolerance. This process is shown in the flow chart in Figure 1 as the “Flutter Point Calculation” stage.

VI. Results
This section presents several results obtained using the approach in this paper. We first present a comparison

of the eigenvalue spectrum for aeroelastic ROMs constructed using a standard Galerkin approach and the proposed

Petrov-Galerkin approach. Subsequently, flutter analyses are presented for the two degree of freedom NACA 64A010 test

case from Isogai [66], the AGARD 445.6 weakened wing model from Yates [67], and the NACA 0012 wing benchmark

case from Rivera et al. [68].

A. Petrov-Galerkin Projection with Stabilizing Inner Product

In Section III.B we discussed the use of the test basis  and weighted inner product for the construction of the

projection-based aerodynamic ROM. Here, we present a comparison of the spectrum of the matrix pencil (Ã, M̃)
obtained for the primal and dual aeroelastic ROMs constructed for a two degree of freedom structural model with the

use of two di�erent projection methods. The first method is a Galerkin projection ( = �) with the matrix, (from

equation (20)) approximating a standard !2 inner product. The second method is a Petrov-Galerkin projection with the

test basis  = ��1
0 � with the matrix, approximating the weighted !2 inner product described in Section III.B. The

system contains two important aeroelastic modes that require tracking for flutter analysis.

Figure 3 shows the results of the complete spectra f(Ã, M̃) for the resulting primal and dual aeroelastic ROMs. In

this figure, the aeroelastic eigenvalues we wish to accurately compute for flutter analysis are labeled “tracked eigenvalues”.

All other eigenvalues are the aerodynamic modes in the system originating from the uncoupled aerodynamic ROM.

From this figure, we see that the Petrov-Galerkin projection provides much better separation between the important

aeroelastic modes and the aerodynamic modes. This increased separation leads to less potential for incorrect mode
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Fig. 3 Eigenvalue spectra of the primal and dual aeroelastic ROMs using di�erent types of projections and
inner products.

tracking or failure of the mode tracking algorithm altogether. Moreover, we can see that the Galerkin projection-based

ROMs incorrectly predict multiple unstable modes in the system, most notably in the spectrum of the dual ROM. In

contrast, the Petrov-Galerkin projection-based ROMs correctly predict an instability in the first aeroelastic mode, seen

as the only eigenvalue crossing the imaginary axis in the spectrum.

B. NACA 64A010 Isogai Test Case

To test the accuracy and e�ciency of the proposed approach, the two degree of freedom airfoil structure shown

in Figure 4 is used. The structure is supported by a torsional and a linear spring and is capable of both pitching and

plunging. Aeroelastic results are presented for Case A of Isogai [66], who placed the elastic axis in front of the airfoil

leading edge in order to simulate the behavior of a sweptback wing. Dynamic aeroelastic analyses are performed about

a steady-state angle of attack of 0�. All simulations pertaining to this model are performed on the NACA 64A010 airfoil

with a structured O-mesh. The mesh consists of 38,000 nodes around the airfoil subdivided into 32 blocks. All results

are obtained using 32 Intel “Skylake” cores at 2.4 GHz.
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1. Aeroelastic Root Locus

The aeroelastic root locus for this test case was obtained for a Mach number of 0.85 and a series of speed indices

between 0.01 and 1.0. A user-prescribed tolerance of

|[ |  10�3

was used for all aeroelastic eigenvalues. For analysis purposes, the truth eigenvalues are obtained by reducing the norm

of the residual of the high-dimensional right eigenproblem (17) below a tolerance of 10�14. The truth eigenvalues are

used to compute the exact errors, which are used to determine the e�ectiveness of the error estimator.

Figure 5 displays the root locus obtained from the aeroelastic ROM after initializing the reduced bases, but prior to

training the ROM using eigenvectors from the Jacobi-Davidson algorithm. Figure 6 shows the converged root locus once

the training procedure is complete and all eigenvalue error estimates are below the user-prescribed tolerance. On the

right of these figures, we present the root locus of the aeroelastic eigenvalues. On the left, we show the nondimensional

damping and frequencies for each mode in the system, these are the real and imaginary parts of the associated eigenvalues,

respectively. Moreover, both the error estimate and exact error are plotted for all speed indices. Exact errors for mode 2

at speed indices 0.65 and 0.7 are omitted from the results because the norm of the high-dimensional eigenproblem

residual could not be brought to a tolerance of 10�14.

The results in Figure 5 are presented to demonstrate the behavior of the error estimator at the beginning of the ROM

training process. From the figure, we can see that the error estimator slightly under predicts the exact error, but generally

captures the order of magnitude of the exact error quite well. Moreover, we see that the initial aeroelastic ROM does not

predict any instability in the system as no eigenvalues are seen crossing the imaginary axis in Figure 5. One can expect

that this may change as the ROM is trained to reduce the error in eigenvalues.

Results in Figure 6 show the behavior of the aeroelastic system once the training is completed and all estimated

eigenvalue errors are below the user-specified tolerance of 10�3. We can see that the behavior of the aeroelastic

eigenvalues has changed significantly from that presented in Figure 5. We now observe an instability in Mode 1 above
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Fig. 5 Aeroelastic mode damping, frequency, and error (left), and root locus plot (right) for the NACA 64A010
Isogai test case at Mach 0.85 obtained immediately after the reduced basis initialization.

a speed index of approximately 0.5. This indicates the onset of flutter in the system, which is analyzed further in

subsequent results. Moreover, Mode 2 now demonstrates higher damping, but also shows early signs of reversal at speed

index 1.0. For these final results, we see that the error estimator agrees very well with the exact error at speed indices

above 0.2. Below this, the error estimator tends to slightly underpredict the error, just as it did for the initial results

from Figure 5. This is because the error estimates at these speed indices are below the user-prescribed tolerance, and

therefore the ROM is not updated at these low speed indices. In general, when comparing the error estimate to the exact

error, we observe very good agreement for the converged results in Figure 6.

2. Flutter Boundary

The inviscid flutter predictions for this test case are well known to have a characteristic S shape in the transonic

regime. In this subsection, we show the results obtained for this well-studied flutter boundary, and compare to those

found in the literature. To obtain the flutter boundary for the two degree of freedom system, aeroelastic ROMs were

constructed for a series of Mach numbers between 0.70 and 0.95. For the ROM training procedure, a tolerance of

����Real{[}
Real{_̃}

����  1

was used. In other words, a relative error tolerance was placed on the real part of the eigenvalues. A step size of 0.05 in

speed index was used for the computation of the root locus. The ROM training persisted until one of the eigenvalues in

the system crossed the imaginary axis, at which point the Hopf point calculation was used to obtain the exact flutter
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Fig. 6 Aeroelastic mode damping, frequency, and error (left), and root locus plot (right) for the NACA 64A010
Isogai test case at Mach 0.85 obtained after the complete ROM training procedure.

point. A relative flutter speed index error tolerance of

[f

+̃f
 0.005

was used as a stopping criterion, where [f is the error estimator for the flutter point given in equation (55), and +̃f is the

flutter speed index of the aeroelastic ROM. For transonic Mach numbers at which a resurgence and subsequent loss of

stability were expected (the characteristic “S” shape), the ROM training procedure was continued after the first Hopf

point calculation, allowing for subsequent Hopf points to be determined.

Figure 7 shows the flutter boundary obtained using our approach, along with a pie chart showing the time breakdown

for each part of the analysis. One can see that the results are in good agreement with those from the literature. Our

approach is capable of determining the three Hopf points at Mach number 0.885 and 0.895. However, for the Mach

numbers 0.875 and 0.9, our approach was not able to obtain the third Hopf point (i.e. the second point of instability). At

these points, the algorithm had di�culty approximating the eigenvalues of the second aeroelastic mode at large values of

speed indices, which lead to breakdowns of the eigenvalue tracking algorithm. However, the algorithm had no di�culty

determining the first points of instability in the system for any Mach number.

The time analysis on the right of Figure 7 represents the average time breakdown to obtain the first point of instability

at a given Mach number. From this analysis, we can see that all stages in the flutter analysis procedure require similar

amounts of time for this test case. Moreover, it can be concluded that obtaining the flutter point at a given Mach number

requires on average an amount of time equivalent to 4.5 steady nonlinear flow evaluations.

In Figure 7, one can see some discrepancies between the obtained results and those from the literature, notably at and

above Mach 0.9. To reconcile these discrepancies, a grid convergence study was performed. The three grids used were:
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Fig. 7 Flutter boundary (left) and time breakdown (right) for the NACA 64A010 Isogai test case.
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Fig. 8 Grid convergence study for the flutter boundary (left) and flutter frequency (right) for the NACA 64A010
Isogai test case.

L0 with 3.80⇥ 104 nodes, L1 with 7.21⇥ 104 nodes, and L2 with 1.47⇥ 105 nodes. The flutter speed indices and flutter

frequency ratios of the grid convergence study are shown in Figure 8. Notably, we see at Mach 0.9 that the flutter speed

index changes considerably with the mesh resolution. This is likely due to the e�ects of the shock wave on the flutter

behavior, where the finer mesh better resolves the shock in the flow. The dependence of the predicted flutter speed on

the mesh resolution has led other researchers to study the use of mesh adaptation for transonic flutter predictions [69].

C. AGARD 445.6 Test Case

We present results obtained for the dynamic aeroelastic analysis of the AGARD 445.6 test case. Flutter predictions

for the wing were originally obtained with wind tunnel testing performed by Yates [67]. The structural model provided

by Yates [67] is composed of four natural frequencies and mode shapes, the latter shown in Figure 9. Simulations are

performed on the AGARD 445.6 wing geometry using a structured mesh with 1,987,392 nodes subdivided into 160

blocks. All results are obtained using 160 Intel “Skylake” cores at 2.4 GHz.
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Fig. 9 First four mode shapes of the AGARD 445.6 wing structure.
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Fig. 10 Aeroelastic mode damping, frequency, and relative estimated error (left), and root locus plot (right)
for the AGARD 445.6 wing at Mach 0.901.

1. Aeroelastic Root Locus

Here we present the aeroelastic root locus of the AGARD 445.6 wing model obtained for a Mach number of 0.901.

To obtain this root locus, a relative eigenvalue tolerance of

|[ |��_̃��  10�3

was used. Figure 10 shows the damping, frequency, and estimated errors for the four modes of the AGARD wing at

various values of speed indices, along with the root locus of the eigenvalues. From this figure, we observe that all

eigenvalue error estimates are below the user-specified relative tolerance. The instability in the system for this case is

due to the first mode, which crosses the imaginary axis at a speed index of approximately 0.35.

2. Flutter Boundary

To obtain the flutter boundary for the AGARD 445.6 wing model, aeroelastic ROMs were constructed for each Mach

number of interest. For this analysis, a tolerance of

����Real{[}
Real{_̃}

����  0.5
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Fig. 11 Flutter boundary (left), flutter frequency ratio (middle), and time breakdown (right) for the AGARD
445.6 wing model.

was used for the eigenvalues. Moreover, a step size of 0.05 in speed index was used for the computation of the root

locus, and a relative flutter speed index error tolerance of

[f

+̃f
 0.005

was used as a stopping criterion.

Figure 11 shows the flutter boundary and flutter frequency ratios obtained using our approach, along with a pie chart

showing the time breakdown for each part of the analysis. The flutter boundaries obtained experimentally by Yates [67]

and computationally by Silva et al. [70] are also included in this figure. As expected, flutter predictions at the lower

Mach numbers match well with those obtained experimentally by Yates [67]. At high Mach numbers, namely 0.960,

1.072, and 1.141, it has been shown that the Euler equations do not accurately predict the flutter boundary due to the

absence of viscosity [71]. From the flutter frequency ratio plot in Figure 11, we observe that the predicted frequencies at

Mach numbers 1.072 and 1.141 are much higher than observed by other approaches. To further analyze this behavior,

Figure 12 shows the root locus plots obtained for each Mach number for the AGARD 445.6 wing. At the Mach numbers

1.072 and 1.141, the onset of flutter is due to an instability in the third aeroelastic mode. It has been shown by Silva et al.

[70] that this instability is an artifact resulting from the use of the Euler equations.

From the time analysis in Figure 11, we can see that computing each point on the flutter boundary requires an

average equivalent time of approximately 4.5 steady nonlinear Euler flow evaluations. In this case, the largest portion of

time is required for the initialization of the reduced bases.

D. NACA 0012 Benchmark Case

As part of the Benchmark Models Program conducted at NASA Langley, an experimental flutter boundary was

obtained for an unswept rectangular wing with a NACA 0012 airfoil [68]. The wing itself is e�ectively rigid, but is

mounted to a pitch and plunge apparatus providing it with two degrees-of-freedoms. The structural model is represented
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Fig. 12 Aeroelastic root locus plots for the AGARD 445.6 wing test case at various Mach numbers.

in Figure 4, with the center of gravity, elastic axis, and midchord positions all coinciding for this case. The two natural

frequencies of the structure are 3.33 Hz for the plunge mode and 5.20 Hz for the pitch mode. Details of the structural

properties, test setup, and experimental results are provided by Rivera et al. [68]. Here we present a flutter boundary

for a three-dimensional wing geometry obtained using a structured mesh consisting of 1,906,624 nodes around the

rectangular wing, subdivided into 64 blocks. To obtain the flutter boundary, an eigenvalue tolerance of

����Real{[}
Real{_̃}

����  1

and a flutter speed index error tolerance of
[f

+̃f
 0.01

were used.

Rivera et al. [68] reported two regions of instabilities. At Mach numbers between 0.3 and 0.82, a conventional flutter

boundary with a transonic dip was obtained. At Mach numbers between 0.88 and 0.95, a plunge instability region was

observed, where much lower flutter speeds were obtained. In this study, we do not show results for the plunge instability

region. The structural model in our work does not include structural damping, which leads to flutter speeds of e�ectively

zero between Mach number 0.88 and 0.95. This is similar to the results obtained by Stanford and Jacobson [72], who

obtained a near-zero flutter boundary in the plunge instability region without the inclusion of structural damping.

Figure 13 shows the flutter boundary obtained using the methodology outlined in this paper along with the time
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Fig. 13 Flutter boundary (left), flutter frequency ratio (middle), and time breakdown (right) for the NACA
0012 benchmark case.

analysis. The flutter boundary is plotted for dimensional values of dynamic pressure in order to compare with results

from the literature. In this figure, experimental results obtained by Rivera et al. [68] and RANS-based computational

results from Stanford and Jacobson [72] are also plotted. The flutter boundary predicted by our method is slightly above

that found experimentally, which is most apparent at the higher Mach numbers. The slight overprediction of the flutter

boundary at the higher Mach numbers was also seen by Stanford and Jacobson [72], who speculate one potential cause

as the omission of the splitter plate from the computational domain, on which the wing was mounted in the wind tunnel.

From the time analysis shown in Figure 13, one observes that this test case requires more computational time for

the flutter analysis when compared to the Isogai and AGARD wing test cases. This is partly due to the low values of

aerodynamic damping in the system prior to the flutter point, which leads to increased computational e�ort by the

two-sided Jacobi-Davidson algorithm in order to obtain accurate approximations of the real part of the eigenvalues. In

all, each point on the flutter boundary requires an average equivalent time of approximately 12 steady nonlinear Euler

flow evaluations.

VII. Conclusions
This paper presents a methodology for dynamic aeroelastic analysis using a projection-based model order reduction

approach with error estimation capable of ensuring that the error relative to the high-dimensional model is within

a user-defined tolerance. The DWR method is used to provide an estimate of the error of the eigenvalues obtained

from the reduced aeroelastic eigenproblem. Moreover, this paper presents a procedure for training the ROM which

incorporates the use of the error estimator. Results show that this methodology is fast and e�ective for obtaining the

root locus and the flutter boundary of several test cases. The error estimator is shown to compare well with the exact

error for the NACA 64A010 test case by Isogai [66]. This work presents a means by which dynamic aeroelastic analysis

can be performed such that a prescribed level of accuracy is obtained relative to the high-dimensional aeroelastic model.

For the test cases presented in this work, the cost of computing the flutter point at a given Mach number is equivalent to

the cost of approximately 5 to 12 steady nonlinear flow evaluations of the high-dimensional Euler equations.
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This work has demonstrated the algorithm’s performance for structural models with relatively few degrees of

freedom. Future work includes applying the algorithm to more complex models with greater numbers of structural

modes. Though a greater number of structural modes will typically increase the computational cost of the algorithm,

note that the method can be adjusted to track a subset of the aeroelastic modes in the system, which will help alleviate

this additional expense. Additionally, the current method does not account for changing static aeroelastic deflections for

nonsymmetric wing geometries. However, introducing varying static aeroelastic deflection capability into the aeroelastic

ROM may not be entirely necessary. Studies suggest that ROM-based flutter predictions for nonsymmetric wing

geometries are somewhat insensitive to the steady-state static aeroelastic solution about which the ROM is constructed

[4]. This insensitivity is likely to depend on the flexibility of the wing; further research on this topic is warranted.

Future work also includes using the linearized RANS equations as the aerodynamic model to provide better flutter

predictions at high Mach numbers. Additionally, the aeroelastic eigenvalues obtained from this algorithm can be used as

a flutter constraint for aerodynamic shape optimization. This can be accomplished by placing a constraint on the real

part of the eigenvalues. Significant computational savings may be obtained by using the reduced basis constructed at a

previous optimization iteration to form the initial aeroelastic ROM at the current iteration.
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