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Newton-Krylov Algorithm for Aerodynamic Design
Using the Navier-Stokes Equations

M. Nemec* and D. W. Zingg’
University of Toronto, Toronto, Ontario M3H 5T6, Canada

A Newton-Krylov algorithm is presented for two-dimensional Navier-Stokes aerodynamic shape optimization
problems. The algorithm is applied to both the discrete-adjoint and the discrete flow-sensitivity methods for
calculating the gradient of the objective function. The adjoint and flow-sensitivity equations are solved using a
novel preconditioned generalized minimum residual (GMRES) strategy. Together with a complete linearization of
the discretized Navier-Stokes and turbulence model equations, this results in an accurate and efficient evaluation
of the gradient. Furthermore, fast flow solutions are obtained using the same preconditioned GMRES strategy in
conjunction with an inexact Newton approach. The performance of the new algorithm is demonstrated for several
design examples, including inverse design, lift-constrained drag minimization, lift enhancement, and maximization
of lift-to-drag ratio. In all examples, the norm of the gradient is reduced by several orders of magnitude, indicating
that a local minimum has been obtained. By the use of the adjoint method, the gradient is obtained in from one-fifth

to one-half of the time required to converge a flow solution.

Introduction

HE accuracy and efficiency of gradient-based algorithms for

aerodynamic design problems are influenced by the perfor-
mance of the following components: 1) the solution of the flow-
field equations and 2) the evaluation of the objective function gra-
dient. Although still a subject of research, current algorithms for
the solution of the steady two-dimensional Navier-Stokes equa-
tions are accurate and efficient. Among the fastest algorithms are
the Newton-Krylov solvers (see Refs. 1-4). For example, promising
results are presented by Pueyo and Zingg,* who used the precondi-
tioned generalized minimum residual (GMRES)’ Krylov subspace
method in conjunction with an inexact Newton strategy. A critical
component in this approach is a fast solution of the linear system
at each Newton iteration, which is provided by the preconditioned
GMRES algorithm. For the aerodynamic shape optimization prob-
lem, such Newton-Krylov algorithms are very appealing because
they not only provide fast solutions to the flowfield equations, but
the preconditioned GMRES algorithm can also be used to compute
the objective function gradient.

Among the most promising computational methods for the eval-
uation of the objective function gradient are the flow-sensitivity, or
direct, method and the adjoint method.®* Both methods have been
appliedto the Navier-Stokes design problem and can be further sub-
divided into the continuous’~!! and the discrete approach.!*~!° The
main advantage of the adjoint method is that the computational cost
of the gradient calculation is virtually independent of the number
of design variables. However, flow sensitivities can be useful for
design problems that contain constraints that are dependent on the
flowfield variables. Furthermore, it may be advantageousto imple-
ment both methods because the resulting information can be used
to accelerate the convergenceof the design problem by constructing
better approximationsof the Hessian matrix.!6-20-2!

Jameson et al.® derived the viscous adjoint terms for the contin-
uous approach for laminar and turbulent flows on structured grids.
Although this formulation neglects the linearization of laminar and
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turbulent viscosities, it has been successfully applied to a num-
ber of aerodynamic shape optimization problems, including two-
dimensionalhigh-liftconfigurations?> with the Baldwin-Lomax and
the one-equation Spalart- Allmaras® turbulence models.

Anderson and Venkatakrishnan'® analyzed both the continuous-
and discrete-adjoint methods for unstructured grids and im-
plemented the discrete approach for viscous design problems.
Anderson and Bonhaus'* extended this work to turbulent flows by
differentiating the Spalart-Allmaras turbulence model** by hand.
They report accurate gradients for turbulent design cases. Nielsen
and Anderson®* apply the same strategy to three-dimensional turbu-
lent design problems and also demonstrate excellent gradient accu-
racy. Furthermore, theirresults show the influence of various simpli-
fying assumptions in the linearization of the discretized governing
equations,such as the assumptionof constantturbulentviscosity and
alinearizationbasedon first-orderdiscretization.They concludethat
most of these simplifying assumptions result in significant gradient
errors. Similar results are obtained by Kim et al.'®

In the adjoint and flow-sensitivity methods, the computational
cost of the gradient calculation is dominated by the solution of the
large linear system of equations that arises from the flow Jacobian
matrix. A popularapproachto solve the adjoint and flow-sensitivity
equations is to use the same scheme that solves the governing flow
equations, for example, the explicit and point-implicit multistage
Runge-Kutta schemes coupled with multigrid (see Refs. 8, 17, and
19), the approximate-factorizaion scheme,!® and also the lower-
upper symmetric Gauss-Seidel (LU-SGS) scheme (see Ref. 18).
The GMRES algorithm has been used to solve the discrete sensi-
tivity equation for laminar flows? and also to solve the discrete ad-
jointequationin conjunction with a backward-Eulertime-marching
scheme with multigrid for turbulent flows.'>-** Generally, the com-
putational effort required to converge the adjoint equation suffi-
ciently to obtain accurate gradients is approximately equivalent to
one to two flowfield solutions; however, for the discrete adjoint
method, this effort may be significantly increased if memory limi-
tations prohibit the storage of the flow Jacobian matrix.'%26

In this work, we present a new algorithm for the calculation of
the gradient of the objective function via the discrete-adjoint and
discrete flow-sensitivity methods. We carefully linearize the two-
dimensional Navier-Stokes equations coupled with the Spalart-
Allmaras turbulence model.”> We adopt the approach of Pueyo and
Zingg* to solve the adjointand flow-sensitivity equations using the
GMRES algorithmin conjunctionwith anovel preconditionerbased
on an approximation of the flow Jacobian matrix. Furthermore,
the same preconditioned GMRES algorithm is also used within a
Newton-Krylov solver (see Ref. 4) for the solution of the flowfield
equations.
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The objective of this paper is to examine the following issues in
detail: 1) the accuracy of the gradient calculation using the adjoint
and flow-sensitivity methods and 2) the efficiency of the gradient
calculation and the flow solver. We investigate the performance of
the new design algorithm on several representative design prob-
lems, namely, inverse design, lift-constrained drag minimization,
lift enhancement, and maximization of lift-to-drag ratio.

Problem Formulation
The aerodynamic shape optimization problem consists of deter-
mining values of design variables X p, such that the specified objec-
tive function 7 is minimized subject to constraintequations C;:

min J[Xp, Q(Xp)] (1a)

so that
Ci[Xp, Q(Xp)] =0, Jj=1...,N, (1b)

where Q, the flowfield variables, satisfy the governing flowfield
equations. In this work, the constraint equations represent airfoil
thicknessconstraintsthat are used to ensure feasible designs. Hence,
they are only a function of the design variables, thatis, C; (X p) < 0.

Objective Functions

We consider inverse design, lift-constrained drag minimization,
lift enhancement, and maximization of lift-to-drag ratio. In the in-
verse design problemthe objective functionin discrete formis given
by

1 & 2
T=52.(¢,-c;) 2)
j=1

where C; representsthe target pressuredistributionthatis user spec-
ified and N, denotes the number of nodes on the airfoil. By min-
imizing J, the optimizer finds the shape of the airfoil that, in the
least-squares sense, best matches the target pressure distribution.

For the lift-constrained drag minimization and lift enhancement
problems, we use

2 2
where Cj, and C; represent the target drag and lift coefficients,

respectively. The weights wp and w; are user-specified constants.
For the maximization of the lift-to-drag ratio problem, we use

J=Cp/C, )

Design Variables

The geometry of the airfoil is described with B-spline curves.
The coordinates of the B-spline control points are used as design
variables. An example is shown in Fig. 1, where cubic B-splines
constructed from 15 control points are used to approximate the
NACA 0012 airfoil. By increasing the number of control points, the
accuracy and fidelity of the B-spline curve is improved. For the drag
minimization problem at fixed lift, the angle of attack o becomes a
design variable as well. In this study, we only allow displacements
in the vertical direction for the B-spline control points.

27,28

Flowfield Equations
The governing flow equationsare the two-dimensional, thin-layer
Navier-Stokes equations in generalized coordinates:

IE(Q, Xp) N 0F (0. Xp) _ o 1350 Xp)
08 om an

where O =J~1Q=J""[p, pu, pv, e]” isthe vectorof conservative
dependent state variables, £ and n are the streamwise and normal
generalized coordinates, respectively, and J is the Jacobian of the
coordinate transformation from Cartesian coordinates. Vectors E
and F represent the convective flux vectors, and the viscous flux
vector is given by S. Sutherland’s law is used to determine the
laminar viscosity. The equations are in nondimensional form. For
further details, see Ref. 29.

The turbulentviscosity is modeled with the Spalart- Allmaras tur-
bulence model.® All test cases consideredin this study are assumed
to be fully turbulent, and, therefore, the laminar-turbulenttrip terms
are not used.
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Fig.1 B-spline curve and control points for the NACA 0012 airfoil.

Numerical Method
Airfoil Thickness Constraints
A penalty method is used to impose airfoil thickness constraints
by combining the objective function with the constraint equation:

.7=.70+.7T (6)

where J, denotesthe objective functionsdefined in Egs. (3) and (4).
The thickness constraints are cast as inequality constraints given by
the following quadratic penalty term:

Nr K
7 = wr [; |:1 - ;(();[))i| it r(x) <1*(x;)

0 otherwise )

where N7 is the number of thickness constraints, *(x) is the min-
imum allowable airfoil thickness at location x, and wy is a user-
specified constant. We can also treat the thickness constraints as
equality or mixed constraints. Additional constraints or design vari-
ables that are useful for practical design include the leading-edge
radius and the trailing-edge angle. The present formulation works
well for the design cases presented here, but note that there are well-
known weaknesses of penalty methods,*® and more sophisticated
strategies for solving constrained problems are given in Refs. 20,
31,and 32.

Flow Solver

The spatial discretization for Eq. (5) is the same as that used
in ARC2D.? The discretization consists of second-ordercentered-
difference operators with second- and fourth-difference scalar arti-
ficial dissipation:

2—? ~§8.E —V.D\D, (8)
with
Dy =20, 1, j__iik
Dz—éﬂik ¢Qjk =€ 1 A Vel Q)
o =Ul+c,/§T+ &2 6;212 =somax( Y114, Viw, Vjo1k)
6;2 _ max(O, o — éjz}z)’ Y= IPjv1k — 2Pk + Pj— 14l

B [Pj+1k +2Pjk + Pj— 1l

where §; is a second-ordercentered difference operator, Az and V;
are first-order forward and backward difference operators, U is a
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contravariantvelocity component,and «; and k4 are constants. Typ-
ical values of k, and x4 are 1.0 and 0.01, respectively. The scalar
coefficient o is the spectral radius of the flux Jacobian matrix. The
term Y, is a pressureswitch to control the use of first-orderdissipa-
tion near shock waves. An analogousterm appearsin the  direction.
A far-field circulation correction is also implemented.

The Spalart-Allmaras turbulence model is discretized as de-
scribed in Ref. 23. Overall, the spatial discretizationleads to a non-
linear system of equations:

R(O,Xp)=0 )

where O = J-1Q=J"\[p, pu, pv, e, 7]” is the new vector of con-
servative dependent state variables, and the turbulence model equa-
tion is scaled by J 1.

Equation (9) is solved in a fully coupled manner, where conver-
gence to steady state is achieved using the preconditioned GMRES
algorithmin conjunction with an inexact Newton strategy.* The al-
gorithm can be summarized as follows:

1) For matrix-free GMRES(40), the matrix-vector products re-
quired at each GMRES iteration are formed using first-order finite
differences.

2) The preconditioner is a block-fill incomplete lower/upper
decomposition with a fill-in of 2 [BFILU(2)] of an approximate
Jacobian matrix. Right preconditioningis used.

3) The reverse Cuthill-McKee reordering of unknowns is based
on initial double-bandwidthordering (see Ref. 4).

The approximate Jacobian is formed from the exact Jacobian
(0R/3Q) by treating the artificial dissipation coefficients given in
Eq. (8), includingthe spectralradius,as constantsand combining the
second- and fourth-differencedissipation coefficients as follows:

€? = @ 1 pe® (10)

where ¢ = 6.0, the subscript r denotes the contribution from the
right-hand side, and the subscript/ denotes the resulting left-hand
side value used in the preconditioner. Note that this modification
does not affect the steady-state solution. To avoid Newton startup
problems, the approximate-factorizaion algorithm of ARC2D in
diagonal form,” in conjunction with a subiteration scheme?® for
the turbulence model equation, is used to reduce the initial residual
by two orders of magnitude. The preconditioneris frozen after the
first Newton iteration and the GMRES convergence tolerance is set
to 0.5 for the first 10 Newton iterations and 0.1 for any remaining
Newton iterations. For further details, see Ref. 4. The turbulence
model is fully linearized and included in the preconditioner. This
linearization is later reused in the adjoint and sensitivity methods,
as discussed in the following sections.

Adjoint and Flow-Sensitivity Solvers
The gradient of the objective function J[Xp, Q(Xp)] is given

by
dJ  3J 0J dQ

dX, 08X, 980dX,

an

where we reduce the vector of design variables Xp to a scalar to
distinguish clearly between partial and total derivatives.

The difficulty in Eq. (11) is the evaluation of the term dQ/d X p,
referredto as the flow sensitivities.To compute the flow sensitivities,
differentiate Eq. (9) with respect to the design variables:

R dO

dR oR
BQ dXp

dX, 09X,

(12)

and realize that dR/dXp =0 because, for any design variable,
Eq. (9) is always satisfied. Furthermore, note that 8 Q0 /0 Q0 = J 1,
where [ is the identity matrix, and consequently Eq. (12) becomes
dR dQ  OR
90 dXp,  9Xp

(13)

The direct, or flow-sensitivity, method results from solving
Eq. (13) for the flow sensitivities dQ/dX p and using these values

in Eq. (11) to obtain the gradient. To formulate the discrete-adjoint
method, substitute Eq. (13) into Eq. (11) to obtain

—1
47 g ay(g) aR (0

~9x, o0\90) 9x,

From the triple-productterm in Eq. (14), define the following inter-
mediate problem:

IR aT"
90 v= 90
This is known as the adjoint equation, and the vector ¥ represents

the adjoint variables. By the substitution of v into Eq. (14), the
expression for the gradientbecomes

7 8J ; 9R

= — T — 16
a, ax,  Vax, (16)

(15)

Note that Eq. (13) must be solved for each design variable,
whereas Eq. (15) is independent of the design variables. If a di-
rect solver is used to solve Eq. (13), then the lower/upper (LU)
factorization can be reused with different right-hand-side vectors.
Unfortunately, direct solvers are presently only suitable for small,
two-dimensionalproblems. A straightforwardimplementationof it-
erative solvers leads to resolving Eq. (13) for each design variable,
which is computationally expensive. See Ref. 33 for modifications
to iterative solvers that focus on linear systems with multiple right-
hand sides; however, even with these solvers, the computational
overhead is still significant.

We adopt the GMRES strategy from the flow solver to solve both
the adjoint and flow-sensitivity equations. We use right precondi-
tioning with the preconditioner based on the first-order Jacobian
matrix described earlier. Fast adjoint and flow-sensitivity solutions
are obtained with ¢ = 3.0, BFILU(6), and GMRES(85), but these
settings are conservative and are further discussed in the Results
and Discussion section. For the flow-sensitivity equation, we use
matrix-free GMRES with second-order accurate finite differences.
In addition to memory savings, the matrix-free approachis easier to
implement because an accurate linearization of cumbersome func-
tions in the residual equations, such as the pressure switch [Eq. (8)]
and the far-field circulation correction, is automatically provided.
Becauseof the transposeon the left-handside of Eq. (15), the matrix-
free approach is not possible for the adjoint equation.

For the inverse design objective function, the term 9.7/3Q is
evaluated analytically, whereas for the drag minimization objective
function, it is evaluated using centered differences. The remain-
ing terms in Eq. (16), namely, the objective function sensitivity
0J /9 Xp and the residual sensitivity dR /0 X p, are also evaluated
using centered differences. Note that the evaluation of residual sen-
sitivities includes the evaluation of grid sensitivities because the
design variables do not explicitly appear in the residual equations,
except for the angle-of-attack design variable. The computational
cost of the gradient calculation could be reduced by neglecting grid
sensitivities for grid points sufficiently far from the airfoil. How-
ever, this approach can introduce substantial errors in the gradient
calculation?* Because the computational cost of the regrid proce-
dure (discussed hereafter) and of the residual evaluation is only a
small fraction of the overall gradient calculation, we evaluate the
residual sensitivities at every node in the domain.

Optimizer

The optimizer used to solve the aerodynamicdesign problem de-
fined by Eq. (1) can have a significant impact on the efficiency of
the optimizationprocedure > Note that by using the penalty method
to incorporate constraints, we cast the optimization problem as an
unconstrained problem. We solve the unconstrained problem using
the Broyden-Fletcher-Goldfarb-Shanno (BFGS) quasi-Newton al-
gorithm coupled with a backtrackingline search. A detaileddescrip-
tion of the optimizeris providedin Ref. 35. At each step of the line
search, the objective function value and the gradient value are re-
quired to constructa local cubic interpolant. The stopping criterion
for the optimization is based on an appropriately scaled L, norm of
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the gradient> We require a reduction of at least five orders of mag-
nitude in the scaled L, norm of the gradient to ensure convergence
to a local optimum.

Grid Movement Strategy

C-topology structured grids are used. As the shape of the airfoil
evolves during the optimization process, the position of the grid
nodes is adjusted to conform to the new shape. The grid movement
strategy is summarized hereafter for grid lines in the normal di-
rection. This strategy is similar to one of the strategies outlined
in Ref. 36. An analogous formulation holds for the streamwise
direction.

Given a displacement of the B-spline control point in the vertical
direction, the grid movement strategy preserves the location of the
outer boundary. The interior nodes along a normal grid line are
positioned as determined by

Ve =y 4+ Ay (1= S a7

where Ay, represents the airfoil shape change. S, is the normalized
arclength distance given by

k
Zz:z L
Kmax
Zz:z L

where L; is the length of each segment between nodes.

Sk = (18)

Results and Discussion

The CPU times reported in the following sections are obtained
on a 667-MHz Alpha 21264 processor (SPECfp 2000 rating of 562
peak). All subsonic cases are computedon a 265 x 53 grid, whereas
for transonic cases, a 257 x 57 grid is used. For all grids, the dis-
tance to the outer boundary is 24 chords, the off-wall spacing is
2 x 1075 chords, the leading-edge clustering is 5 x 10~* chords,
and the trailing-edge clustering is 2 x 1073 chords. These grids are
very similar to those used for detailed accuracy studies presented
in Ref. 37 and provide sufficient numerical accuracy for the design
cases considered here. The circulation correctionis not used unless
explicitly stated.

Flow Solver Performance

We evaluate the performance of the Newton-Krylov algorithm
on the following test cases: 1) NACA 0012 airfoil at M, =0.3,
o =06deg, and Re=2.88 x 10%; and 2) RAE 2822 airfoil at
My, =0.729,a =2.31 deg,and Re = 6.5 x 10°. Both cases are fully
turbulent.

Figure 2 shows that the Newton-Krylov (NK) algorithm is ap-
proximately from two to three times faster than the approximate-
factorization (AF) algorithm. For many cases, this speedup can be

-1 qﬁé
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o« Ty
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CPU Time (s)
Fig. 2 Performance of the NK algorithm vs the AF algorithm.

even larger. Initially, the convergencerate of both algorithmsis iden-
tical because the AF algorithmis used as a startup procedure for the
NK algorithm.

One of the main difficulties associated with Newton’s method is
the startup procedure. This startupprocedurecan be quite expensive,
asshownin Fig. 2 for case 2, where the startup time takes almosthalf
of the flow solve time. The NK algorithm is particularly well suited
for the design problem because, once we obtain the solution for
the initial airfoil shape, we warm start the remaining flow solves. If
the stepsizes during the linesearch procedure are sufficiently small,
the startup procedureis not necessary. The warm started flow solves
typically converge in two-thirds of the original flow solve time, or
roughly 60 s for the cases considered here.

Gradient Accuracy

The factor thatinfluences the accuracy of the gradientcalculation
most significantly is the linearization of the discretized residual
equations, Eq. (9), to obtain the flow Jacobian matrix (9 R /3 Q). For
the adjoint method, we carefully linearize the residual equations
by hand, including all terms in the Spalart-Allmaras turbulence
model.* However, exact linearizationis complicated by the use of
nondifferentiablefunctionssuchas the maximum and absolute value
functions. These functions are used in the calculation of the pres-
sure switch and spectral radius, as shown in Eq. (8). Furthermore,
the absolute value functionis requiredin the calculation of vorticity
and in the first-order upwind discretization of the advective terms
in the Spalart- Allmaras turbulence model.

An additional complication is the linearization of the far-field
circulation correction because the calculationof the vortex strength
leads to coupling between airfoil surface points and far-field bound-
ary points. The vortex strength calculation can be linearized as de-
scribed by Korivi et al.,! butin the presentlinearizationof the resid-
ual equationsfor the adjoint method we treat the vortex strengthand
the pressure switch used for shock capturing as constants. We lin-
earize the spectral radius of the artificial dissipation scheme, the
calculation of vorticity, and the advective terms of the Spalart-
Allmaras turbulencemodel ** Note that the derivativeof the absolute
value function is not defined when the function argument changes
sign. The matrix-freeimplementationof the flow-sensitivitymethod
avoids these linearization difficulties.

We examine the accuracy and efficiency of the gradient calcula-
tion for two representativetest cases: 1) subsonicinverse designand
2) transonic drag minimization at fixed lift.

For case 1, the freestream conditions are M., =0.3, o« =6 deg,
and Re =2.88 x 10°. The NACA 0012 pressure distribution at the
given freestream conditions is used as the target pressure distribu-
tion. The initial pressure distribution is obtained by replacing the
NACA 0012 leading edge with the Royal Aerospace Establishment
(RAE) 2822 leading edge, which modifies the location of B-spline
control points numbered 6, 7, 9, and 10 in Fig. 1.

The gradientof the inversedesignobjectivefunction[Eq. (2)] with
respectto the design variablesassociatedwith the four control points
is calculated using centered differences, the adjoint method, and the
matrix-free flow-sensitivity method. The finite difference stepsize
is 1 x 1073, and we converge the flow solution 14 orders of magni-
tude. The adjointand flow-sensitivity equations are converged eight
orders of magnitude. The calculated gradient values are shown in
Table 1, where the agreement between the finite difference, adjoint,
and matrix-free flow-sensitivity (S-MF) gradients is very good.

For case 2, the freestreamconditionsare Mo, = 0.7, C; = 0.4728,
and Re =9 x 10°. The initial airfoil geometry is the NACA 0012
airfoil. We compute the gradient of the objective function, Eq. (3),
with respect to control points 9, 10, 11, and 12 (see Fig. 1), as

Table1 Gradient accuracy for case 1

Control Finite Adjoint, S-MF,
pointno. difference % difference % difference
6 —127.82 0 —0.008

7 618.91 0 0

9 —2093.8 0 0

10 —526.58 —0.002 0
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Table2 Gradient accuracy for case 2

Control Finite Adjoint, S-MF,
pointno. difference % difference % difference
9 22.465 -7.0 0.004
10 29.592 4.1 —0.01

11 —16.428 —6.2 0.006
12 2.4066 —-8.9 0.47

o 0.57486 0.52 0.06

Table 3 Gradient accuracy for case 2 with frozen
pressure switch

Control Finite Adjoint, S-MF,
point no. difference % difference % difference
9 20.895 —0.03 —0.005
10 30.803 —0.06 —0.02

11 —15.416 —0.03 0.04

12 2.1940 —0.01 —0.02

o 0.57798 —0.02 0.03

Table4 Gradient accuracy for case 2 with circulation
correction (frozen pressure switch and all absolute

value functions)
Control Finite Adjoint, S-MF,
point no. difference % difference % difference
9 17.954 —0.1 0
10 27.992 —0.1 0
11 —12.370 -0.7 —0.008
12 2.7021 1.7 0
o 0.54509 0.3 0

well as the angle of attack . The target drag value C}, is set equal
to 0.0112, which represents a 30% reduction from the initial drag
value. No thickness constraints are imposed, and the values of w;
and wp in Eq. (3) are set to 2.0 and 1.0, respectively. Table 2 shows
that there is some error in the adjoint gradients relative to the finite
difference gradients, which is due to the treatment of the pressure
switch. Note that the pressure switch was not used for case 1. The
agreement between the matrix-free flow-sensitivity gradients and
the finite difference gradients is not quite as good as for case 1 but
remains excellent.

To demonstratethat the differencesin Table 2 are due to the treat-
ment of the pressure switch, we perform the following numerical
experiment. We first converge the flow solver and store the pressure
switch values, and then we reuse these values when we compute
the two neighboring states in the centered-difference gradient cal-
culation. Hence, during the finite difference gradient calculationthe
pressure switch is treated as a constant, which is consistent with
the linearization of the residual equations. The results are summa-
rized in Table 3, where the values obtained from the adjoint method
agree well with the finite difference and matrix-free flow-sensitivity
values. The minor differences that appear in Table 3 are due to the
linearization of the absolute value function.

The effect of the far-field circulation correction on the gradient
accuracyis shownin Table 4. We performa similar numericalexper-
iment to that just performed; however, we freeze both the pressure
switch and all absolute value functions such that we completely iso-
late the error contributionfrom the far-field circulation correctionin
the adjoint equation. The agreement between finite differences and
matrix-free flow sensitivities (S-MF) is very good, and the error in
the adjoint gradients is small. These results suggest that treating the
vortex strength as a constanthas a relatively small effect on gradient
accuracy.

Efficiency of Gradient Calculation

Figs. 3 and 4 show the convergencehistories of the adjoint equa-
tion and the flow-sensitivity equation for the inverse design prob-
lem, labeled as case 1, and the drag minimization problem, labeled
as case 2a, both introduced in the preceding section. The GMRES
solver parameters are ¢ = 3.0, BFILU(6), and GMRES(85). The
adjoint equation for the inverse design problem takes more itera-

2
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Fig.3 GMRES convergence for the adjoint equation.
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Fig. 4 GMRES convergence for the sensitivity equation (first design
variable shown).

tions to converge than the drag minimization problem, and note that
GMRES is forced to perform a restart on iteration 86 as shown in
Fig. 3. The flow-sensitivity equation converges well for both the in-
verse design problem and the drag minimization problem as shown
inFig. 4. The reasonfor the slower convergenceof the inverse design
adjoint equation is not fully understood. However, our experience
suggeststhat the slower convergencerate is notdue to the given flow
conditions. Furthermore, not every inverse design adjoint equation
suffers from the slower convergence behavior.

Note that residuals of both the adjoint and sensitivity equations
shouldbereducedby three orders of magnitudeto obtain gradientsof
sufficient accuracy2%*® For fast GMRES performance, the number
of search directions should be selected such that at least a three-
order-of-magnitude reduction in the residual is obtained without
restarting GMRES.

The values of the fill level in the BFILU decomposition and the
number of search directions can be significantly reduced for the
drag minimization objective function. For example, consider case
2b shown in Figs. 3 and 4, which is the drag minimization problem
evaluated with BFILU(4) and GMRES(60). There is only a min-
imal reduction in performance, whereas the memory savings are
significant.

The efficiency of the adjoint solver for cases 1, 2a, and 2b is
summarized in Table 5. T}, refers to the time required to form
the preconditioner, Tomres refers to the time required to reduce the
adjoint residual by three orders of magnitude, and flow solve refers
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Table 5 Efficiency of adjoint solver®

Case Torec TGMRES Total Flow solve
1 4.2 229 27.1 75.2
2a 4.2 7.0 11.2 65.0
2b 2.6 6.6 9.2 65.0

4CPU time measured in seconds.

Table 6 Efficiency of matrix-free
flow-sensitivity solver®

TGMRES » Total,
Case per DV® for all DV
1 5.8 27.4
2a 6.1 34.7
2b 6.5 35.1

2CPU time measured in seconds.
bDf:s,ign variables.

Initial Design
— — — — 18 Design lterations
———e— Final Design

-0.5

05/

Fig. 5 Pressure distribution and airfoil shape summary for case 2
obtained with the adjoint method.

to the time required for a Newton-Krylov flow solve to converge
10 orders of magnitude. In all design examples in this study, we
converge the flowfield solution at least 10 orders of magnitude, and,
therefore, the flow solve times in Table 5 provide a good reference.
Overall, for case 1, the time to calculate the gradient is just over
one-third of the flow solve time, whereas for case 2 it is close to
one-sixthof the flow solve time. Case 2b, which uses the BFILU(4)
preconditioner,is even faster because the time to form and apply the
preconditioner has been reduced.

The efficiency of the matrix-freeflow-sensitivitysolveris summa-
rized in Table 6, where Tomres refers to the time per design variable
required to reduce the residual of the flow-sensitivity equation by
three orders of magnitude, and total is the total time required to
calculate the gradient given by Tjrec + Npy + Tomres, Where Npy is
the number of design variables. The time to form the preconditioner
and the flow solve time are shown in Table 5.

Design Examples

Having demonstrated the accuracy and efficiency of the gradi-
ent calculation, we now solve the aerodynamic shape optimization
problem for case 2, which is the drag minimization problem at fixed
lift described earlier. Note that this problem does not have a unique
solution. We solve this problem with the adjoint and S-MF meth-
ods to examine the impact of gradient accuracy on the optimization
problem.

Figure 5 indicates that after 18 design iterations the upper surface
shock is eliminated. We only plot the adjoint results because those
obtained with the S-MF method are very similar. The values of C;,
Cp, and « at this stage are 0.4713,0.01144, and 2.83, respectively,
for the adjoint method and 0.4724,0.01144, and 2.84, respectively,

0
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Fig. 6 Comparison of the adjoint method and matrix-free sensitivity
method for case 2.

for the flow-sensitivity method. At this point, the adjoint method
does not appear to be significantly affected by the errors in its gra-
dient calculation. The convergence of the objective function stalls
during the subsequent search direction for the adjoint method, as
shown in Fig. 6. The BFGS algorithmis restarted using the steepest
descent direction, and the adjoint method catches up to the S-MF
method after 40 design iterations. The final valuesof C, Cp, and o
are 0.4727,0.01123, and 3.33, respectively, for the adjoint method
and 0.4726,0.01123, and 3.28, respectively, for the M-FS method.
The final pressure distribution and the airfoil shape are shown in
Fig. 5.

Note that the stalling of the adjoint method appears to be case de-
pendent, and we find that for most design problems the two methods
have very similar convergencehistories. The BFGS algorithm gen-
erates positive-definite approximations to the Hessian matrix only
if exact line searches are performed. Hence, the corrupted search
direction that causes the stall in the optimization procedure may
be a result of inexact line searches and numerical error, as well as
gradient inaccuracy.

Three additional design examples are provided to demonstrate
the accuracy and efficiency of the present aerodynamic shape opti-
mization algorithm for more complex design problems. The adjoint
method is used for all examples. The first example is an inverse de-
sign at transonic speed. The initial pressure distributioncorresponds
to the NACA 0012 airfoil and the target pressure distribution cor-
responds to a B-spline approximation of the RAE 2822 airfoil at
My =0.7, « =3 deg, and Re =9 x 10°. The airfoil shape is de-
scribed with 15 B-spline control points, of which 12 are used as
design variables. The control point at the leading edge and the two
control points at the trailing edge (points 1, 8, and 15 in Fig. 1) are
kept constant during the optimization.

Figure 7 shows the initial pressure distribution correspond-
ing to the NACA 0012 airfoil, the target pressure distribution
corresponding to the RAE 2822 airfoil, and the final design pres-
sure distribution, as well as the corresponding airfoil shapes. Also
shown in Fig. 7 are the pressure distribution and airfoil shape, after
30 design iterations, that are very close to the target. The optimiza-
tion history is summarized in Fig. 8. Note that about 90 flow solves
and gradient evaluations are required to reduce the L, norm of the
gradient by 10 orders of magnitude, although plotting accuracy is
achieved within 60 design iterations. In terms of CPU time, plotting
accuracy is achieved in approximately 1.5 h.

The second optimization example involves the design problem of
attaining specified lift while holding drag constant. The initial air-
foilis the NACA 0012, and the freestreamconditionsare M,, = 0.3,
a = 6deg,and Re = 2.88 x 10°. The correspondinglift and drag co-
efficients are 0.6694 and 0.01493, respectively. For the optimization
problem, we specify a target lift coefficient of 0.9 and a target drag
coefficient equal to the initial drag coefficient. The initial airfoil
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Fig.7 Pressure distribution and airfoil shape summary for the inverse
design problem (12 design variables).
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Fig. 8 Optimization convergence history for the inverse design prob-
lem (12 design variables).

shape is described with 19 B-spline control points, and we use 14
control points as design variables, as well as the angle of attack.
The B-spline control point at the leading edge and the four B-spline
control points at the trailing edge are kept constant during the op-
timization. The values of w; and wp in Eq. (3) are set to 2.0 and
1.0, respectively. In addition, we specify four thickness constraints.
The value of wr in Eq. (7) is set to 1.0. Note that, for truly practical
designs, multipoint optimization must be used.?®%

Figure 9 shows the final pressure distributionand the correspond-
ing airfoil shape. Figure 10 shows that the optimizationrequired 90
design iterations to converge. Because the objective function value
isreducedby 15 orders of magnitude,all of the thickness constraints
are satisfied. The angle of attack is reduced from 6.0 to 3.56 deg.

The third and final design problem we consider is the maximiza-
tion of the lift-to-drag ratio. The initial airfoil is the NACA 0012,
and the freestream conditions are M, =0.25, « =9 deg, and
Re=2.88 x 10°. The airfoil shape is described with 15 B-spline
control points, of which 10 are used as design variables. The an-
gle of attack is fixed during the optimization. This case is similar to
one of the cases considered by Liebeck *° Five thickness constraints
are specified, with the minimum allowable thickness at 25% chord
equal to 10%. The value of wr in Eq. (7) is set to 0.05.

Figure 11 shows the initial pressure distributioncorrespondingto
the NACA 0012airfoil, the final design pressure distribution,and the
corresponding airfoil shapes. The lift coefficient is increased from

-2.59
.2 -
A Initial Design
-1.57 \ — — — Final Design

Fig. 9 Pressure distribution and airfoil shape summary for the lift
enhancement problem with thickness constraints (15 design variables).

——o6—— log(Objective Function)
——=—— log(l| Gradient||)

e o L 1 M 0
25 50 75 100

Flow Solves and Gradient Evaluations

Fig. 10 Objective function convergence history for the lift enhance-
ment problem with thickness constraints (15 design variables).
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Fig.11 Pressure distribution and airfoil shape summary for the max-
imization of C1/Cp with thickness constraints (10 design variables).
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Fig. 12 Optimization convergence history for the maximization of
C1/Cp with thickness constraints (10 design variables).

0.967 to 1.49, whereas the drag coefficient increases from 0.01969
to 0.02443. Correspondingly, the lift-to-drag ratio increases from
49.1 to 61.1, and the L, norm of the gradient is reduced by five
orders of magnitude as shown in Fig. 12. Three of the five thickness
constraintsare active. The largest thickness violation occurs at 25%
chord, where the final thickness is 9.85%. The coefficient of skin
friction indicates that the flow is separated over the last 1.5% of
chord.

Conclusions

We have presented a novel algorithm for two-dimensional aero-
dynamic shape optimization,includingboth the discrete-adjointand
discrete flow-sensitivity approaches. Based on our results, we can
draw the following conclusions:

1) The adjoint gradients show excellent accuracy for subsonic
cases, with some error in transonic cases. The error is primarily
caused by treating the pressure switch used for shock capturing
and the vortex strength associated with the far-field circulation cor-
rection as constants during the linearization of the residual equa-
tions. The small resulting error does not significantly affect the final
design.

2) The flow-sensitivity gradients show excellent accuracy in all
cases as a result of the matrix-free implementation of GMRES,
which is not possible with the adjoint method. However, for prob-
lems with a large number of design variables, the adjoint method is
more efficient.

3) By the use of the adjointmethod, the objective functiongradient
is calculated in one-fifth to one-half the cost of a warm-started flow
solve. Note that the adjoint residual is reduced at least three orders
of magnitude to ensure sufficiently accurate gradients.

4) For all design examples, the L, norm of the gradientis reduced
by several orders of magnitude, which indicates convergence to a
local optimum.

The new algorithm provides an efficient means of applying the
discrete-adjointmethod to aerodynamic design problems governed
by the Navier-Stokes equations. This is particularlyrelevantto prob-
lems in which viscous drag and boundary-layer separation are im-
portant. With the present algorithm, the relative expense of the gra-
dient calculation is significantly less than that of the flow solver.
Future work should concentrate on the optimizer used to update the
design variables to reduce the number of flow solves and gradient
calculations required to reach the optimum solution.
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