Springer Nature 2021 B TEX template

Convergence of turbulence statistics: random
error of central moments computed from

correlated data

Randy Belanger', Philippe Lavoie'™t and David W. Zingg't

Institute for Aerospace Studies, University of Toronto, 4925
Dufferin St, Toronto, M3H 5T6, Ontario, Canada.

*Corresponding author(s). E-mail(s): phil.lavoieQutoronto.ca;
Contributing authors: randy.belanger@mail.utoronto.ca;
david.zingg@utoronto.ca;
tThese authors contributed equally to this work.

Abstract

A new formula is derived for the random error of sample central moments
from correlated data which does not assume an underlying distribu-
tion and is accurate to leading order in the number of sample elements.
Central moments, being important quantities in turbulence research,
require accurate error estimation. Many approaches have been followed
in the past for estimating the random errors of central moments from
correlated data. These include: simple extensions of the formula for inde-
pendent data, using the formula for the random error of generic averages,
assuming an underlying normal distribution, and using block bootstraps.
All of these approaches are compared with the present formula using
datasets from a turbulent boundary layer, freestream grid turbulence,
and a turbulent round jet. For even-order sample central moments, many
of the existing approaches perform well with differences of less than
15%. However, for odd-order sample central moments, only the block
bootstrap methodology performs similarly well. For the same sample
central moments, the other methods differ by as much as 200%-1000%.
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1 Introduction

Without some quantification of the error associated with a measurement, the
measured values are meaningless. The aim of error analysis is to estimate
the error associated with a measurement where the error includes both bias
error and random error, which determine the accuracy and precision of the
measurement, respectively. There are many sources which discuss error analysis
in the context of fluid dynamics (e.g., Moffat, 1988; Abernethy et al, 1985;
Coleman and Steele, 1989). In particular, these describe the various sources of
error that contribute to the total error associated with a measurement and how
to combine them to arrive at a total error (or uncertainty) in the measurement.
Contributions to the error include precision and calibration of the measuring
instrument, the applicability of an equation used to compute a quantity, and
the randomness inherent in an experiment due to stability of the measuring
instrument, the environment, and the quantity itself (for example turbulent
flows are naturally random and so will always have a large random error). In
addition to assigning a level of accuracy and precision on a final result, error
analysis is also useful in the planning stages of an experiment to determine the
largest sources of errors such that they can be reduced or corrected for before
measurements are taken (e.g., Coleman et al, 1991). In a turbulent flow, when
calculating a mean, for example, the majority of the error can be random error
due to the use of a finite sampling time. In order to reduce that error it is
useful to accurately estimate it and determine its dependence on the sampling
time. This enables the scientist or engineer to determine the sampling time
necessary and plan experiments or simulations accordingly.

This paper focuses on the bias and random errors (also known as stan-
dard errors) associated with statistics that can be computed from a sample

of measurements, where the individual elements within a sample cannot be
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considered independent. In particular, this paper seeks to determine an accu-
rate formula for the standard errors of central moments from correlated data,
with a focus on the field of turbulence, since central moments are ubiquitous
in turbulence research. In particular, for turbulent flows, measurements of the
central moments are important for characterizing the turbulence: second-order
moments (e.g. variance) describe the amplitude of the turbulence, third-order
moments (e.g. skewness) describe the ratio of positive to negative fluctuations,
and fourth-order moments (e.g. kurtosis) describe the prevalence of extreme
turbulent events, for example. The skewness has also been shown to be a mea-
sure of amplitude-weighted phase in triadic scale interactions (Duvvuri and
McKeon, 2015). Velocity structure functions, which involve moments of longi-
tudinal velocity fluctuation difference (Sreenivasan and Antonia, 1997; Lavoie
et al, 2005) and velocity derivative skewness (Burattini et al, 2008), which
involves second- and third-order moments of the spatial derivative of velocity
fluctuation, are also important statistics that describe the dynamics of tur-
bulence. Additionally, in order to solve the Reynolds-averaged Navier-Stokes
equations, one must determine the components of the Reynolds stress tensor—
which involve univariate and bivariate central moments (normal and shear
stresses, respectively)—by either directly modelling the Reynolds stress ten-
sor, or by introducing additional equations to solve for the Reynolds stress
tensor. The latter involve central moments one order higher, which again must
be either modelled or solved with additional equations involving yet higher-
order central moments. This is also true for other Reynolds-averaged transport
equations. For proper modelling of these central moments, experimental mea-
surements of them are extremely useful. Consequently, knowing the accuracy

of the measurements is also of utmost importance.
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The organization of this paper is as follows: Section 2 discusses the calcula-
tion of the standard error of generic averages and central moments. Section 3
presents a new formula for estimating the standard error of central moments
from correlated data. Section 4 describes the experimental datasets on which
the new formula will be tested. Section 5 discusses issues and best practices
associated with the estimation of the standard error. Finally, section 6 pro-
vides a comparison of the formula in this paper with previous methods for

estimating the standard error of central moments from correlated data.

2 Background

2.1 Standard error

We are interested in determining the uncertainty of some statistic estimated
from sampled turbulent data, which is inherently random. Following Bendat
and Piersol (1966), the uncertainty of a sample estimator 6 is defined as its

root-mean-squared (RMS) error:

RMS error = <(9 - ,u¢9)2>7 (1)

where (-) denotes the expected value, which can be considered as an ensemble
average over an infinite number of realizations, and pug is the true value of
the statistic that is being estimated, commonly referred to as the population

parameter. This can be split into two terms:

RMS error = \/< (6-(8)") + ((8) — o)™, 2)
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The first term in (2) describes the variance of the estimator about its
expected value:
o2 = (- ()°) = () - (3)". ®)
This is the square of the standard deviation, o, of the distribution of §’s,
which is also referred to as the standard error.
The second term in (2) defines the square of the bias error, bz, between the

expected value of the estimator and the true value:

bg = (0) — he. (4)

In general, b; is not zero; a well-known example where this is the case is the
sample variance computed as s? = Zf\il(xz —x)%/N.
Thus, the RMS error is the root sum of squares of the standard error and

the bias error of the estimator:

RMS error = /02 4 b2, (5)

and determining the uncertainty associated with the sample estimator amounts
to determining the standard error and the bias error of the estimator, or
equivalently, the variance and expected value of the estimator.

In the following analysis, let us assume that we have collected a sample
{U1,...,Un} of some quantity, U. For example, this could be a time series
of streamwise velocity in a turbulent flow, in which case we have the sample
{U(t1),...,U(tn)}. It does not matter what quantity is measured nor what
measurement technique is used to sample the data, and that data can be
sampled temporally or spatially. Furthermore, the sample can be from an

experimental or numerical dataset. Some of the analysis does implicitly assume
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that the data is uniformly sampled (i.e., a fixed sampling rate or distance
between points) in order to make simplifications regarding sums of correlation
coeflicients. However, if averages are computed as numerical integrals then the
same set of steps can be followed with a weighted average where the weights
can hold information about the quadrature as well as non-uniform sampling.
Before we begin, let us first note that the true mean of U is its expecta-

tion value (i.e., uy = (U)). Additionally, the true variance of U is given by

o = (U?) — (U)*.

2.2 Standard error of an average

Suppose we wish to compute the average over the elements in our sample and
want to know the error associated with that average. In the following, it does
not matter if we are computing the average U or first apply some element-wise
operation on the sample before computing the average m, so long as there
is no additional error introduced by the function f. The formulas for f(U) can
be obtained by substituting f(U) for U in the formulas below.

Recall that we need both the expected value and the variance for the RMS

error. For an average, the expected value can be computed easily:

RS YA RES ) ©

where py = (U) is the true mean of U. Thus, the average is an unbiased

estimator of the mean. We can also compute the variance using (3):

[

>2

b = (0%~

E L

—()* (7)

uMz
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We can rewrite (U;U;) using the Pearson correlation coefficient:

(Ui = {U))U; = (U;))

pUi,Uj =
o-UiO—Uj
_{UaUy) = Uy
= —l—" (8)
Sl
giving
(U;U;) = (U)* + ot pu,. v, - 9)

Inserting this into (7) gives

Z‘QM

N N
ZZPU,;,Uj- (10)

2.2.1 Independent sample elements

If the elements of the sample are all independent of one another then,

0, ifi#j
PU;,U; = : (11)
1, ifi=y
Inserting this into (10) gives
2
2 _9%U
 _ IU 12
-2 (12

This is the square of the well-known equation for the standard error of the

mean that can be found in most introductory statistics textbooks.

2.2.2 Correlated sample elements

Turbulent data are typically sampled at a high enough rate to resolve the
smallest-scale flow features. However, due to the wide range of scales in tur-

bulent flows, with such a high sampling rate, there is often a high degree of
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correlation between adjacent elements in the sample. So, in general, py,, v, # 0,
except for elements that are well-separated. If we let £ = j — ¢ be the lag
between the ith and jth sample elements and note that (U;U;4) is the same
for all ¢ at the same k (i.e., (U1Us) = (U2U4) = (UsUs), etc.), then we have

(see e.g. Bendat and Piersol, 1966; Smith et al, 2018, among others):

, _0h k]
% T N Z ( N) pu,u(k), (13)
k=—(N-1)

where py, (k) is defined the same as in (8), but with k¥ = j — ¢ implied. The
1 — |k|/N factor results from there being N — |k| = N(1 — |k|/N) identical
terms at each k. Equivalent versions of this can be found in Liepmann (1952),
Lumley and Panofsky (1964), Tennekes and Lumley (1972), and George et al
(1978). Comparing (13) with (12), we see that there is an effective number of

independent elements in the correlated-element case given by:

Nind = —x— ; (14)
> (1= %) ot
k=—(N—1)
such that

2

2 Oy
oF = . 15
v Nind ( )

All equations to this point have involved integer lags. We can convert to
temporal variables, as in a time series, if we multiply (13) by At?/At?, make
use of the fact that the time lag is |75| = |k|At, the sampling time is T = NAt,

and the autocorrelation is symmetric:

N—
0% = il Zl _ (k)At (16)
U= T PuU, U .
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As T — oo, N — oo as well for a fixed At. Since py,p(k) is maximum at
T = 0 and then drops quickly to zero as |7y| increases, for the range of values

that |7x| is non-zero, |7| < T and therefore (16) becomes:

9 N-1
o
oF & ?U Z pu,u(k)At  for large T, N. (17)
k=—(N—1)

The summation is a discrete approximation to twice the integral time scale,

QTU,U:/ pu,u(T)dr. (18)

Thus, for large N and T', we have:

27.27— U
2 v'U, 9
05 ~ 1
U T ) ( )

and the effective number of independent elements is:

T

Ning ® o=
2To. v’

(20)
This is the basis for the rule-of-thumb that there is one independent sample

element for every two integral scales.

2.3 Standard errors of central moments

Many of the statistics of interest in turbulent flows can be considered cen-
tral moments, where the mean is subtracted before raising to some integer
power. Examples include the normal Reynolds stresses and the non-normalized
skewness and kurtosis. Before we continue, we must distinguish between the

true (population) central moments and the central moments computed from a
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sample. The true rth central moment involves only expected values:

pr = (U ={U))") - (21)

Meanwhile, the rth sample central moment involves only averages:
D 1 N _
ur = (U-0) :Nzl(UrU) : (22)

Since U has its own error that must be propagated, the formulas for the stan-
dard errors in the preceding sections cannot be used for central moments,
which sets them apart from moments about the origin (true: p, = (U"), and

sample: UT).

2.3.1 Independent sample elements

Starting from the definition in (3), similar to what was done for an average
in the sections above, Kendall (1943) derived a formula for the error variance
of sample central moments assuming independence between sample elements
that is accurate to order N1
2 1 2 2. 2
o = o (Hor = = 2rp ey + 7 o) (23)
This formula was introduced to the fluids community by Benedict and Gould

(1996).

2.3.2 Correlated sample elements

Unfortunately, there is no formula in the literature, to the authors’ knowledge,
for the true standard error of central moments computed from samples with

correlated elements, even to leading order.
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The conventional assumption is that we can apply (23) if the sample ele-
ments are correlated by replacing the N in that expression by an effective
number of independent samples, in analogy with (15). For example, Benedict
and Gould (1996) give the following recommendation in their presentation of
(23): “If the sampling rate is too high to ensure independence of samples, N
should be adjusted to reflect the number of integral scales in the total sampling
time, not the actual number of samples.” Mathematically, this implies:

9 1

O—F =

“" " Ning

(/~L2r - Mz - QTMT—IMT-H + 72//42:“’371) (24)

However, there is some lack of clarity in the literature about how N;,q should
be calculated. In particular, should autocorrelations (and integral scales) of U
or u” be used in (14) and (20)? Regardless, there is no guarantee that this
approach is valid for all moment orders.

Simple formulas for the standard error of central moments can also be
obtained if some assumptions about the data are made. Lenschow et al (1993)
provides formulas for the second through fourth central moments if the data
are sampled over a time much longer than the integral time scale and fol-
low a normal distribution. Assuming normality and an exponentially-decaying
autocorrelation, Lenschow et al (1993) also derived formulas for the first four
central moments that are valid for all T'; approximations to these are also
provided if the sampling time is much longer than the integral time scale. Addi-
tionally, approximate formulas are derived in Lenschow et al (1993) if some
non-normality is introduced to a Gaussian process. While these formulas are
likely suitable for some turbulent flows, there are plenty of others for which the

data is neither normally-distributed nor has a strictly exponentially-decaying
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correlation. A potentially more accessible version of Lenschow et al (1993) is
Lenschow et al (1994).

For second-order central moments, Wyngaard (1973) applied the formula
for an average in (13) based on the work of Lumley and Panofsky (1964).
By doing so, they consider the random error in the variance of fluctuating
quantities, but ignore the effect of the random error contained in the sample
mean. This is equivalent to using (13), but with U replaced by f(U) = (U —
(U))?. Sreenivasan et al (1978) then considered the extension of this approach
to arbitrary moment order. As we will show, this approach is actually not
an issue for the second-order central moment, but becomes problematic for
higher-order, and more so for odd-order, central moments.

Salesky et al (2012) also devised a clever filtering method that uses a fitting
routine to determine the error variance at a specific sampling time without
the need for computing integral time scales. However, since this method is
based on Lumley and Panofsky (1964), it also neglects the effect of the error
associated with the sample mean and so is not suitable for central moments
of order greater than r = 2.

We will assess these approaches in section 6 on three different turbulent

flows.

2.4 Resampling methods

Other methods have also been devised to estimate the standard error of
arbitrary statistics. These techniques, called resampling methods, include the
bootstrap (Efron, 1979) and the jackknife (Tukey, 1958). The idea behind
resampling techniques is to create many new samples from the original sample,
to estimate the sampling distribution of the estimator from those (re)samples,

and then extract the variance of the estimator from the distribution. In their
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original forms, these resampling methods assume independent and identically
distributed random variables. For correlated data, this can be problematic if
the resampling breaks up the correlation structure in the original sample. To
overcome the requirement of independence, one could attempt to downsam-
ple the sample to ensure independence between elements. This is possible so
long as the standard error is associated with only one integral scale and that
integral scale is known.

Fortunately, there are a host of resampling methods—primarily block
bootstraps—that have been developed for dealing with correlated data (Lahiri,
2003). One form of the block bootstrap that estimates the standard error of
estimators for correlated data with a higher degree of accuracy is the mov-
ing block bootstrap (MBB, Kiinsch, 1989; Liu and Singh, 1992). Garcia et al
(2006) and Richards et al (2018) have shown its usefulness in estimating stan-
dard errors in the context of turbulent fluids. For any bootstrap method, there
is some additional parameter tuning that is required. In particular, a number
of replications needs to be determined in order to ensure convergence of the
calculated standard error. Additionally, for block bootstraps, a specific block
length needs to be determined which must be chosen large enough such that
it retains the correlation of the initial signal (i.e. it requires an estimate of the
integral scale), although automatic optimal block selection algorithms exist in
the literature (e.g., Politis and White, 2004).

Since block bootstraps can be relatively complicated to implement, require
some tuning for optimal performance, and can be computationally expensive, a
simple and accurate formula for the standard error of central moments is sought
for correlated data. Furthermore, bootstrap techniques should be validated
against an expression for the true error variance or standard error, if such a
thing exists for the quantity under investigation, to ensure that they converge

to the correct value.
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3 Formula for standard error of central

moments from correlated data accurate to

order N1

Starting from the definition of the error variance in (3), we derive an expres-
sion for the true error variance of sample central moments of arbitrary order
where there is correlation between sample elements and where the underlying
data has an arbitrary distribution. This approach follows the steps of Kendall
(1943) in their derivation of (23), but removes the assumption of independence
between sample elements. The full derivation of the expected value and error
variance is contained in Supplementary section S.1.

Since the complete expression is unwieldy and impractical to implement,
especially for large moment order, we present a formula for the error variance
that is accurate to leading order in the number of sample elements (order N 1),
as in Kendall (1943). This results in a formula for the standard error that is
accurate to order N~1/2. For the bias error to the same order, we require the

—1/2

expected value to order N as well. To these orders:

@) = v, (25)

and,

N-1
1 |k| pur,uT(k‘l)
o2 = N (w2 = 43) D (1 - N) oo (0) (26)
k=—(N-1) whu
N-1
k1 pu,ur ()
TR 1 M) Rwut A
THr—1Hr41 k__(ZN_l) < N ) pa.u(0)
N-1
K[\ pu,u(k)
2 2 1— L ,
T oy g Z < N pu,u(o)

k=—(N—1)
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Comparing (26) to (23), we see that for correlated data each term in (23)
must be multiplied by a different correlation sum. Equivalently, this means that
each term has a different effective number of independent sample-elements.
If we generalize the definition of the effective number of independent sample-

elements to (c.f. (14)):

N
Nina(X,Y) = —— , (27)
Z (1 N lNﬂ) px, v (k)
k=—(N—-1) px,v(0)
then (26) can be rewritten as:
— 2 2 2
o2 _ M~ 2rpe e TOp2y g (28)

" Nipa(u™,u")  Nipa(u,u”)  Nipa(u,u)’

Since p(0) = 1 for autocorrelations, scaling by p(0) in (27) is equivalent to (14)
when X =Y = U. Comparing (28) with (24), we see that the conventional
assumption that N can be replaced with a single Nj,q in (23) could lead to a
poor approximation.

If the true mean, (U), were known and used in place of U in (22), o2
would only consist of the first term of (26). In fact, since (U) does not add
any error, this would be equivalent to (13) with f(U) = (U — (U))", which is
the approach of Sreenivasan et al (1978). The first term in (26) is related to
the error involved in taking a sample average of the central moment, the third
term is related to the error of the sample mean, and the second term is related
to the interaction of these two.

It can be shown that for r = 1, the error variance in (26) is exactly zero
since 11 = 0 by construction. Since the second and third term in (26) also
involve py when r = 2, they are zero and it can be shown that the error vari-

ance of u? is calculated in the same way as is conventionally assumed in (24)
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so long as Nj,q is calculated using correlations (or integral scales) of u?. Inci-
dentally, this means that the approach of Wyngaard (1973) and Sreenivasan
et al (1978) for r = 2 is also correct. For higher-order moments (r > 2) though,
the error variance in (26) differs from the conventional assumption in (24) and
the approach of Sreenivasan et al (1978).

For a time series, we can convert to temporal variables by multiplying the
numerator and denominator of (26) by At?. As (26) is only true for large N,
and consequently large T, relative to the correlation sums, (26) can be written

as (c.f. (16)—(20)):

[(HZT - ,Uf72n) %’“,ur - 27”,“47"—1,“7“—&-17;, ur + 7'2#2#12«_17;, u] , (29)

N

2~
O'FN

where we use the zero-lag-scaled p in the definition of the integral time scales,
and further assume that the sampling rate is high enough (or At small enough)

that the correlation sums closely approximate the integral time scales:

N-1

e k
QTX,Y :/ PX,Y(T)dT ~ Z PX7Y( >At. (30)
—oo Px,v(0) he ) Px. Y (0)
This implies that,
T
Nipg(X,Y) = . 31
A V) (31)

The extension to bivariate central moments (e.g. @wv) is straightfor-
ward, although more algebraically intensive, and the result is contained in

Supplementary section S.2.

4 Experimental datasets

To assess the different methods in section 2.3.2 relative to the more accurate

formula presented in section 3, we consider hot-wire data of the streamwise
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velocity from three experimental datasets: (1) a turbulent boundary layer
(TBL), (2) freestream grid turbulence (FST), and (3) a turbulent round jet
(TRJ).

For the TBL data, hot-wire measurements were made in a zero-pressure-
gradient TBL at a momentum thickness Reynolds number of Rey = U /v =
3000, where € is the momentum thickness, Uy, is the freestream velocity, and
v is the kinematic viscosity. The TBL was developed over a 0.5-inch aluminum
plate that extended the width and length of the 5 m-long test section of a
recirculating wind tunnel with a cross-section measuring 0.8 m-high x 1.2
m-wide. The hot wires were operated at an overheat of 1.6 using a Dantec
StreamLine Pro 90N10 constant temperature anemometer. The hot-wire data
were filtered at 10 kHz before being sampled at 25 kHz for T' = 180 s using a
National Instruments PCle-6259.

The FST data is case D from Dogan et al (2016) and Dogan et al (2017). It
was saved as 15 samples lasting 25 s each at a sampling rate of 20.5 kHz. Thus,
to construct correlation coefficients, an ensemble average was performed over
the 15 samples, with the mean and standard deviation being computed over
the entire 15-sample dataset. For this data, the freestream turbulence intensity
was Upms/Uso = 12.2%, where ;5 is the root mean squared freestream fluctu-
ations, and the Taylor microscale Reynolds number was Re = uymsA/v = 630,
where A = urms\/m is the Taylor microscale and e is the turbulence energy
dissipation rate.

The TRJ data is from Sadeghi and Pollard (2012). The measurements were
taken at a location 15D downstream of the nozzle exit along the centerline,
where D = 73.6 mm is the diameter of the nozzle exit, with a jet velocity of
U; = 10.4 m/s. This corresponds to a Reynolds number of Rep = DU, /v =

5 x 10%. The data were sampled at a rate of 30 kHz with a sampling time of
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T = 120 s. More details of the experimental setup can be found in Sadeghi

and Pollard (2012).

5 A note on estimation

All of the formulas for the standard errors that we have introduced in
sections 2 and 3 above involve expected values—true (or population) means,
moments, and correlation coefficients—which we typically do not know. In
order to estimate the standard error from a sample we have to use sample

averages, moments, and correlation coefficients. For example, (29) becomes:

2= 2 [ (4 — @) T — 2w T, (32)

b (W)Q’ﬁw] ,

where the 7's are estimates of the integral time scales. There is inherent

error associated with replacing the true central moments with sample cen-

tral moments. However, from (29), we also know that the variance of central

moments goes as N~ 1. This means that the error in replacing the true cen-

tral moments with sample central moments will go as N2, which we have
neglected.

The estimates of the integral scales are a bit more complicated. With finite
data, as in a sample, calculation of the correlation coefficient at the largest lags
has significant error due to the fact that there are fewer correlations available
to average over (for lag k, there are N —|k| correlations). There are two versions

of the sample correlation coefficient that are typically used to estimate the
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true correlation coeflicients:
N—|k| _
¥ 2 (Xi=X)(Yier —Y)
[)biased(k) = = Sx 5y (33)
N—|k|
Nfl\k| 471 (Xl - X)(YZJrk - Y)
ﬁunbiased (k) = = Sx Sy ) (34)

where X and Y are the sample means and sx and sy are the sample stan-
dard deviations of X and Y, respectively. Equation (33) is called the “biased”
correlation coefficient because when X and Y are replaced by the true pop-
ulation means, the expected value of p is biased relative to the true p, while
p from (34) is not. These labels are a bit of a misnomer for the estimators as
written since it is possible for the “biased” estimator to have less bias error
than the “unbiased” estimator when sample means are used (see e.g., Perci-
val, 1993). Additionally, due to the lack of available data at the largest lags,
the “unbiased” estimator has a lot of random error at those k. Conversely,
since ppiased (k) = (1 —|k|/N) punbiased those same large lags are attenuated and
Pbiased Detter estimates the true p, which is typically close to zero at large k.
For these reasons, the “biased” estimator is typically the better choice. As an
example, the correlation for the second term in (26), and implicit in (29) and

(32), would be estimated using the biased sample correlation coefficient as:

N—|k|
~ ; wi(ug g, —u')
\/u2 (w2 - @)

where we have made use of the fact that @ = 0 by definition. For r > 1, u”™ # 0.

Pu,ur (k) = ; (35)
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Fig. 1 Comparison of the cumulative sum of the ensemble-averaged correlation coefficient of
varied record length vs the full signal correlation coefficient for time-series data of streamwise
velocity at yT = 20 in a TBL.

However, there are some peculiarities about the biased estimator for the
correlation coefficient, as discussed in Percival (1993). In particular, the sum
over all lags of (33) can be shown to be exactly zero, despite that not being
the case for the true correlation coefficient. In all of the sums that we con-
sider, there is an additional factor of (1 — |k|/N), but this only has significant
attenuation for large lags. These summations converge to a non-zero number,
but not the sum of the true correlation coefficent. Thus, in practice, to esti-
mate an integral scale, it is necessary to sum up to some maximum lag. Smith
et al (2018) provides some guidelines for estimating integral scales. In partic-
ular, for short non-periodic signals, they suggest using the familiar first zero
crossing of the correlation coefficient. For longer signals, they suggest breaking
the sample into smaller records that are about 20 integral scales in length and
summing the ensemble-averaged correlation coefficient to obtain an estimate
of the integral scale, where parent statistics are used (i.e., the mean and vari-
ance of the full signal are used for each record). In figure 1, we show using a
TBL time series at 4y = 20 that the results obtained in this way for different
record lengths (Tmax) actually mirror the results obtained by simply summing
the correlation of the full signal up to Tyax, but require slightly longer 7pax

to get the same result. The reason for this is that ensemble averaging actually
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reduces the statistics slightly relative to the full signal. For the full signal, 5(k)
is the sum of N — |k| correlations. For ensemble averaging, if each record is
of length n, then p;(k), the correlation coefficient at lag k for the ith record,
is the sum of n — |k| correlations. If we ensemble average p;(k) over the N/n
records, we get a total of N — N|k|/n correlations used in the computations.
This says that for each additional record used for ensemble averaging, there
are |k| fewer correlations used; correlations that would otherwise span across
the record boundaries are eliminated with the ensemble averaging.

For a more robust estimation of correlation sums (including integral scales),
we suggest borrowing the method in Politis and White (2004), used to deter-
mine optimal block sizes for block bootstraps. This method essentially involves
convoluting the correlation with a window function, similar to what is done
in spectral estimation, and performing the sum over that. In fact, the connec-
tion between the correlation and the power spectrum is how this method was
conceived (Politis and Romano, 1995). In this particular case a trapezoidal
window is used; other window functions are surely possible, and may provide
better estimates, but the window size (or bandwidth) would need to be mod-
ified from the present method. For simplicity, we suggest using the method

exactly as described in Politis and White (2004):

N-1

M

1. Estimate > <1 - ‘—ﬁ) p(k)by > w(L) (1 - %) p(k), where p is
k=—(N—-1) k=—M

the true correlation and p is the estimated correlation, M is the bandwidth,

and w (47) is the window function.

2. Choose i where |p(r + k)| < ¢y/logyg N/N for k = 1...Kx, where Ky =

max(5,log;, N) and ¢ = 2 are the suggested parameters, and select M =

2m.
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3. Construct the trapezoidal window:

1, if0<|&|<3

w ﬁ — k e 1 k
) T 20 =150, ifg<lgpl<1:

0, otherwise

By virtue of the implied hypothesis test in step 2, this method chooses the
bandwidth based on the lag where the correlation remains close to zero for a
minimum of five lags. While this is similar to the first zero-crossing for expo-
nentially decaying correlations (summing up to the first zero-crossing would
be akin to using a rectangular window with M = /), it is robust in that it
also gives reasonable estimates for periodically-decaying correlations (or other
correlations with multiple peaks so long as the correlation eventually decays
to zero). This is useful because the limitation of estimating (29) is in obtaining
accurate estimates of the integral scales. For N > M, the 1 — % factor is neg-
ligible. A comparison of the integral time scale of u computed from the TBL
dataset using this method and both summation up to the first zero-crossing
and up to 20 integral times scales is shown in figure 2. The trapezoidal win-
dow method produces similar results to the other two methods and seems to
be a good compromise. In section 6, we use this trapezoidal window method
with m and M calculated using p,, ., which typically has the longest integral
time scale, to compute all integral time scales in (32). This ensures a consistent

bandwidth.

6 Convergence of central moments

To quantify the accuracy of using the approaches in section 2.3.2, a percentage

difference is considered relative to the more accurate formula presented in
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Fig. 2 Comparison of the estimated integral time scale of u for three different methods
across a TBL.

section 3 (denoted o2 ):
u”, present
2 0—% - O'% resent
Ag2, = T __upresent . q07 (36)

u”, present

The approaches compared include: the Gaussian formulation with (denoted as
Gaussian/Exp. p) and without (denoted as Gaussian) an exponential autocor-
relation in Lenschow et al (1993), the conventional assumption of extending
(23) to correlated data with two choices of autocorrelation variable (denoted as
Conventional (u, u) and Conventional (u", u")), the approach of Sreenivasan
et al (1978) of extending (13) to higher moment orders (denoted as SCATS),
and the moving block bootstrap (denoted as MBB).

Figures 3-5 show this percentage difference for the three flows mentioned
in section 4 for moment orders from r = 2 to r = 7. For the TBL this data was
extracted at yT = 75; located in the logarithmic region, this is where the data
most closely approximates a Gaussian distribution. Similarly, the TRJ data
was extracted at r/rg.5 = 0 (i.e. the jet centerline) for the same reason. For the
TBL, TRJ, and FST data, we have that T'/7, ., ~ 45 000, T/T,, . =~ 20 000,
and T/Ty, « =~ 11 000, respectively. Thus, T' >> T for all of these flows (7, is
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Fig. 3 Difference in the error variance for the first seven central moments of U computed
from the methods in section 2.3.2 relative to (29) for the TBL data at y* = 55. The
dotted lines track the results for the even (filled symbols) and odd (open symbols) moments
separately. Inset expands the region near Ag? =
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Fig. 4 Difference in the error variance for the first seven central moments of U computed
from the methods in section 2.3.2 relative to (29) for the TRJ data at r/rg.5 = 0. The
dotted lines track the results for the even (filled symbols) and odd (open symbols) moments
separately. Inset expands the region near Ag? = 0.

the longest integral time scale), as required for (29) and many of the methods
mentioned in section 2.3.2.

The trends for each of the flows are very similar. Typically, the difference is
smaller for even moments than it is for odd moments. In particular, at r = 2, as
was mentioned in section 5, Conventional (u”, u") is exactly equivalent to (29),
as is SCAT78. For higher-order even moments, both of these methods agree with
(29) to within 5% for all of the flows considered. For r = 3, SCAT78 has a very
large discrepancy for all flows, being off by > 600% for all flows considered, but

tends towards 0% as odd r increases. Conventional (u”, u") behaves similarly
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Fig. 5 Difference in the error variance for the first seven central moments of U computed
from the methods in section 2.3.2 relative to (29) for the FST data. The dotted lines track
the results for the even (filled symbols) and odd (open symbols) moments separately. Inset
expands the region near Ag? = 0.

for odd 7, but has a smaller discrepancy at r = 3 of ~ 200%. If Conventional
(u, u) is used then there is a very large discrepancy for all r, but more so for
odd r, that increases with r. The Gaussian method shows a lot of dependency
on the flow, and this is not unexpected since the accuracy of the method is
likely tied to how closely the flow resembles a Gaussian process. They are all
within 30% of (29) for » = 2, but show greater discrepancy as r increases,
being off by ~ 50 — 100% at r = 4. As expected, assuming an exponential
form for the autocorrelation coefficient, in addition to a Gaussian distribution,
typically results in larger discrepancies with (29). The MBB performs the best
across all 7, including odd r, being within 15% for all » and for all flows. In
most cases, Ac? is positive, meaning that the sampling time required to reach
a target level of error is actually smaller than implied by the other methods
in section 2.3.2.

To assess how each of the methods performs when the flow deviates even
further from a Gaussian distribution and as the integral scales change, we com-
pute the percentage difference with (29) for various wall-normal locations in the

TBL data. This is done for r = 3 (figure 6) and r = 4 (figure 7). As an estimate

of the degree of non-normality in the flow, the quantity @ = 1/S? + (3 — K)?
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Fig. 6 Difference in the error variance for the r = 3 central moment of U computed from
the methods in section 2.3.2 relative to (29) for the TBL data across y. The thin black line

is @ = v/S? + (3 — K)? in arbitrary units. Vertical line corresponds to minimum of Q at
yt = 75. Inset expands the region near Ac? = 0.

is also displayed alongside the results, where S = u3/(u2)3/? is the skewness
and K = u?/(u2)? is the kurtosis (S = 0, K = 3, and therefore Q = 0 for
normally-distributed data). This curve shows good qualitative agreement with
the results from the Gaussian approximations; the closer to a Gaussian the
data is (i.e. @ close to zero), the closer the Gaussian approximations are to
the result of (29). Again only the MBB does a good job of estimating the
error variance for both even and odd order moments, although SCAT78 and
Conventional (u", ") perform similarly well for r = 4 across the boundary
layer. In figure 6, the results from Conventional (u", "), Conventional (u, u),
and SCAT8 seem to follow the same trend as 7, ,, in figure 2. This is due to
the fact that (29) depends on 7, whereas Conventional (u”, u”) and SCAT78
only depend on Ty ,~. Conventional (u, u) also follows this trend because it
uses Ty, o for terms that should depend on 7,r .~ based on (29).

As a final point, for the MBB, its accuracy is dependent on the number
of bootstrap replications, n.ep, used to estimate the error variance. Figure 8
shows the convergence of the MBB standard error relative to (29) for the
r = 3 central moment at y* = 75 using the TBL data. Due to the random

nature of the MBB, each time it is performed, a separate convergence history
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Fig. 7 Difference in the error variance for the r = 4 central moment of U computed from
the methods in section 2.3.2 relative to (29) for the TBL data across y. The thin black line
is @ = v/S? + (3 — K)? in arbitrary units. Vertical line corresponds to minimum of Q at
yt = 75. Inset expands the region near Ag? = 0.
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Fig. 8 Convergence of the difference in the error variance for the r = 3 central moment of
U computed from the MBB relative to (29) for the TBL data at y™ = 75. Inset expands the
region near Ag? = 0.

is generated, as is seen for the two plots in figure 8. For an accuracy of < 5%,
the MBB requires n,e, > 1000 for this central moment. For figures 3-5, we
have used 1000 replications in the computation of the MBB estimate of 0727
as a compromise between accuracy and run time. Additionally, to properly
estimate the error variance using the MBB, it is imperative to construct the
replications from the initial U data, and not data with the mean subtracted.
This ensures that the sample mean, U, remains a random variable. Not doing

so would produce results akin to SCATS.
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7 Summary and conclusions

We have derived a formula for estimating the standard errors of sample cen-
tral moments of arbitrary order from correlated data which does not assume
an underlying distribution and is accurate to leading order in the number of
sample elements. Using experimental data of streamwise velocity in a turbu-
lent boundary layer, freestream grid turbulence, and a turbulent round jet, we
show that there are sizable discrepancies between methods that have previ-
ously been used to estimate the variance of central moments and the present
formula. For even-order central moments, good agreement (< 15% difference)
is seen when either the conventional assumption using autocorrelations of u",
the method of Sreenivasan et al (1978), or the moving block bootstrap (MBB)
is used for all flows. In particular, when r = 2, the former two methods are
exactly equivalent to the formula derived in the present work. For odd-order
central moments, however, good agreement is seen for only the MBB.

To ensure accurate estimates of the error variance or standard error of
central moments, it is imperative that (26) or the temporal version in (29)
be used. Previous approaches have either ignored the effect that the sample
mean has on the standard error of sample central moments or made incorrect
assumptions about how to extend the existing formula for independent sample-
elements. Block bootstrap methodologies, such as the MBB, can also be used
so long as the sample mean is not removed from the data before forming
the bootstrap replications and a sufficient number of replications are used

(Rrep = 1000).

Supplementary information. Derivations of the expressions for the
expected value and variance of the sample central moments, as well as

additional details, are included as supplementary information.
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